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Question 1 

a) 	 Let A and B be events in a probability space. The probability of event A is P(A) =113 and 
theconditional probability of B given AC is P(BIAc

) = 114. Find the probability that A or B 
occurs. 

(5 Marks) 
b) Let E and F be two events for which the probability that at least one of them occurs is 3/4. Find 

the probability that neither E nor F occurs. 
(5 Marks) 

"\
" 

c) One tosses a fair coin twice. The two events of interest are: A ={first toss is a head} and B := 

{secondtoss is a head}. Are A and B independent? And are they disjoint? 
(5 Marks) 

d) In a certain country it is established that 0.5% of the population suffers from a certain disease. 
For this disease there exists a test that gives the correct diagnosis for 80% of healthy persons 
and for 98% of sick persons. A person is tested and found sick. Find the probability that the 
diagnosis is wrong, i.e. that the person is actually healthy. 

(5 Marks) 

Question 2 

a) 	On January 28, 1986 the space shuttle Challenger exploded about one minute after the 
launch. The cause of the disaster was explosion of the main fuel tank, caused by flames of 
hot gas erupting from one of the solid rocket boosters. These rocket boosters are 
manufactured in segments, joint together with O-rings. Each rocket booster has three O-rings 
and per launch two rocket boosters are used, so in total six O-rings each time. Based on data 
on the number of failed O-rings, available from previous launches, it was found that the 
probability p that an individual O-ring fails depends on the launch temperature t (in degrees 
Fahrenheit) according to 

exp(a +bt) 
p = 1 + exp(a + bt) 

with a := 5.085 and b := -0. I 156. Hence, p increases with decreasing launch temperature. 
At the time of the fatal launch of the Challenger, t was extremely low: 31 degrees 
Fahrenheit. Although the above formula is based on data for which t > 50 degrees 
Fahrenheit, let us use this formula also for t := 31 degrees Fahrenheit. 

Find the probability of at least one O-ring failing during the 1986 Challenger launch. 
(8 Marks) 

b) A machine fastens plastic screw-on caps onto containers of motor oil. If the machine applies 
more torque than the cap can withstand, the cap will break. Both the applied torque and the 
strength of the caps vary. The capping m!lchine torque is a normally distributed random 
variable with mean 0.79Nm and standard deviation 0.10Nm. The cap strength, being the 
torque that would break the cap, is also a normally distributed random variable with mean 
l.13Nm and standard deviation 0.14Nm. Assume that the cap strength and the applied torque 
are independent. 
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i. What is the probability that a cap will break while being fastened by the capping 
machine? 

(5 Marks) 

ii. Let X be an exponentially distributed random variable with parameter A.= 115. Find 
the conditional probability P(x < 513 < x < 6). 

(7 Marks) 

Question 3 

The random variable X is uniformly distributed on the interval (0, 1). Derive the PDF of the 
random variable Y =-lnX.Consider two independent random variables X1and X2 , distributed 
exponentially with A=1. That is, 

e-x,x > 0 
tx(X) ={0, otherwise 

Calculate the PDF of Xl + X2. 

(20 Marks) 

Question 4 

a) 	 The random variable W is uniformly distributed on the interval (rr, 2 rr). What can you say 
about E[sin(W)] and sin[E(W)]? Which one is bigger? And if they are equal, are they also 
equal to zero? 

A pulse of light has energy X that is a random variable with parameter A, i.e., its PDF is 

(8 Marks) 
b) This pulse illuminates an ideal photon-counting detector whose output N is a Poisson­

distributed random variable with mean x when X =x, Le., its conditional PMF is 

.:1.n e-Jt 

PNlx(nlx) =-,-,torn = 0,1,2, .... n. 
Find E[N] and Var[N] 

(12 Marks) 

Question 5 

(a) Suppose that the discrete random variable X has the probability function 

P(X = x) = (1 - (J)X-l(J, x = 1,2, ... 
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Show that X has moment generating function 

ete 
Mx(t) = 1- et (l- e)' t < -In(l- e) 

Hence show that the expected value of X is 110 and that the variance of X is (1 - e)(J-2 

(10 Marks) 
(b) The random variable X has a Chi-squared distribution with k degrees of freedom f 


(k =1,2,3,... ), which has moment generating function (mgf) met) =(1 -2trk12 for t < Yz. 


i. 	 Using the met), find the mean and variance of X. 

(5 Marks) 


ii. 	 In the case k = 4, the probability density function is given by 

1 


f(x) ="4xe-1/2 , x> 0 

Using integration, confirm that the mgf of the Chi-squared disttibution with 4 degrees of 
freedom is met) = (1 _2t)"2 for t < Y2. 

(5 Marks) 
Question 6 

Suppose two random variables X and Y have joint density function 

f(x,y) = (x + y), if 0 < x < 1,0 < Y < 1 

. Find the density function of X and the density function of Y . 
(14 Marks) 

Are X and Y independent? Why or why not? 
(6 Marks) 

Question 7 

It is assumed that the IQ-score for the population of students in Electrical and Electronic 
Engineering Department is distributed as N(J.I, 0-

2
), with 0- =10. The Faculty of Science and 

Engineering students' average of J.I = 110 is the null hypothesis Ho. To test the alternative 
hypothesis, Ha : J.I =120, that E & E students are smarter, a random sample is taken: the IQ of 
16 E & E students is measured and the mean comes out as 114.5. Are they smarter? Use the Best 
test. What is the decision at the 10% level of significance, and what is the decision at the 5% 
level of significance? 

(20 Marks) 
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TableA-2 lbe cdf of the Z Distriblltion (the ZTable) 
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Table A-2 (coRti_d) 
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fit! .~ zl 
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t-distribution showing area to the right 

A 

t {P.1Ift 

df/p 8AI 0.25 G.1t t.05 .J125 om O.ODS 1.Il005 

t 0.32492D 1.000000 3.077684 &.313752 12.70620 31.82052 63.65674 636.6192 
Z 1L288675 0.816497 1.885618 2.919986 4.3tl265 6.96456 9.92484 31.5991 

3 O.21tl611 0.164892 1.637144 2.353363 3.18245 4.54070 5.84091 12.9240 

4 0270722 0.740697 1.533206 2.131847 2.17645 3.74695 4.60409 8.6103 

5 0.267181 0.726687 1.475884 2.0l!i048 2.57058 3.36493 4.03214~ 
6 tl264835 0.717558 1.439756 1.943180 2.44691 3.14267 3.70743 5.9588 

1 0.263161 0.711142 1.414924 1.894579 2.36462 2.99795 3.49948 5.4079 
8 0.261921 0.7 1.396815 1.859548 2.3tl6OD 2.89646 3.35539 5.0413 

9 0.260955 0.702722 1.3B3029 1.833113 2.26216 2.82144 .. 3.24984 4.7809 
10 6200185 0.699812 1.372184 1.812461 2.22814 2.76377 3.16927 4.5869 
11 02S9556 0.697445 1.363430 1.785885 2.20D99 2.71808 3.10561 4.4376 

12 0259033 0.695483 1.356217 1.782288 2.17881 2.68100 3.05454 43178 

0.258591 0.693829 1.350171 1.170933 2.10037 2.65031 3.01228 4.2208 

0.258213 0.692417 1.345030 1.761310 2.14419 2.62449 2.97684 4.1405 

15 0.257885 0.691197 1.340806 1.753D50 2.13145 2.60248 2.94671 4.0728 

t 0251599 0.690132 1.336757 1.145884 2.11991 2.92078 4.0150 

1 0.257341 0.689195 1.333319 1.739607 2.10982 2.56693 2.89823 3.9651 

18 0.251123 0.688364 1.33039l 1.734064 2.10D92 2.55238 2.87844 3.9216 

fill 6.256923 0.681621 1.327728 1.729133 2.09302 2.53948 2.86093 3.8834 

20 0.256743 0.686954 1.325341 1.724718 2.08596 2.52198 2.84534 3.8495 

21 0.256588 0.686352 1.323188 1.720743 2.07961 2.51765 2.83136 3.8193 

22 0256432 0.685805 1.321237 1.717144 2.07387 2.SDe32 2.81876 3.7921 

:~0.684850 1.319460 1.113872 I 2.06866 2.49987 2.80734 3.7676 

1.317836 1.710882 2.06390 2.49216 2.79694 3.7454 

25 6.256000 0.684430 1.316345 1.108141 2.05954 2.48511 2.78744 3.7251 

26 0.255955 0.684043 1.314972 1.705618 2.05553 2.47863 2.77871 3.7066 

21 0.255858 0.683685 1.313703 1.703288 2.05183 2.47266 2.77068 3.6896 

2B 0.255168 0.683353 1.312527 1.701131 2.46114 2.76326 3.6739 

29 0.255684 0.683044 1.311434 1.699127 2.04523 2.46202 . 2.75639 3.6594 

30 0.255605 0.682756 1.310415 1.697261 2.04227 2.45726 2.75000 3.6460 
coo 0.253347 0.674490 \.281552 1.644854 1.95996 2.32635 2.57583 3.2905 .J 
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26' 4.2252 l!l69O 2.9752 2.7426 2._ 2.4141 2.3883 2.3201i Ufi55 2.211J7 2.1479 2.071& 1.!l1193 1.94114 1.901:0 U!l33 1.8021 t748 
'lJ 4.2100 3.354t 2.!1t1114 2.7278 2.$719 2.<1511 2.3732 2.30!13 2.2501 2.21143 11323 2.0558 1.8736 um Uf42 1.8SII 1.18!l1 1.1311t_
21 
 4.1960 3.31W4 2.!1487 2.7141 2.5581 2.4453 2..35Il3 2.2913 2.23IiO 2.1900 2.1119 2.0411 1.958f1 UI47 1.9687 1.82113 1.713 

29 
 4.18311 ,1.3217 19340 2.7014 l.S454 2.4324 2.3«63 2,2183 2.2229 2.1'168 2.1045 2.82'15 J.944tI 1.900$ 1..8543 1.8055 t.7S31 1.698 

31 
 4.1109 U158 2.9223 2.1i896 2.53J8 2.4205 2.3343 U662 2.2101 2.1848 2.0\121 2.0148 1.9317 1.8874 1.1MO!1 1.7918 t-,. 1.tl83 
.(f) 4Jl847 12317 2.8387 2" l44!l5 133S• 2.2. 2.1Bll2 2.1'Z40 urn 2.0035 1.92~ 1.8.38' 1.7&29 U444 um U313 1.57. 

II 
 4,OOt1 3.lliI.!4 2.7581 2.5252 2.3683 2.2541 2.1_ 2.0910 2.0401 1.9926 1.9m 1.84 1.14flO I.7IlOf 1.6491 1.5943 1.5343 , U67 
1. ,U201 11111 18802 2.4412 2._ 2.1750 2.tlIltl8 2.11164 1.9588 1,g1115 1.8337 1.7!KJ5 1.6587 1.6l'184 1.5543 1.,!95l UB 1.351 
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TableA-3 The Chi-Square Taltle 

~ 0.10 D•• 0.025 0.01 O.OOS 

1 2.71 3.84 5.02 6.64 7.88 

2 4.61 5.99 1.38 9.21 10.60 

3 6.25 7.82 9.35 11.35 12.84 

4 7.78 9.49 11.14 13.28 14.86 

5 9.24 11.07 12.83 15.09 16.75 

6 10.65 12.59 14.45 16.81 18.55 

7 12.02 14.07 16.01 18.48 20.28 

a 13.36 15.51 17.54 20.09 21.96 

9 14.68 16.92 19.02 21.67 23.59 

1O 15.99 18.31 20.48 23.21 25.19 

11 17.28 19.68 21.92 24.73 26.76 

12 18.55 21.03 23.34 26.22 28.30 

13 19.81 22.36 24.74 27.69 29.819 

1. 21.OS 23.69 26.12 29.14 31.32 

15 22.31 25.00 21.49 30.58 32.80 

11i 23.54 26.30 28.85 32.00 34.27 

11 24.71 27.59 30..19 33.41 35.72 

18 25.99 28.87 31.53 34.81 37.16 

19 27.20 30.14 32.85 36.19 38.58 

20 28.41 31.41 34.17 37.57 40.00 

21 29.62 32.67 35.48 38.93 41.40 

22 30.81 33.92 36.78 40.29 42.80 

23 32.01 35.17 38.08 41.64 44.18 

24 33.20 36.42 39.36 42.98 45.56 

25 34.38 37.65 40.65 44.31 46.93 

26 35.56 38.89 41.92 45.64 48.29 

21 36.14 40.11 43.20 46.96 49.65 

28 37.92 41.34 44.46 48.28 50.99 

29 39.09 42.56 45.n 49.59 52.34 

30 40.26 43.77 46.98 50.89 53.67 

40 51.81 55.76 59.34 63.69 66.77 

50 63.17 61.51 71.42 76.15 79.49 

Page90f9 

J 


