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Question 1

Let A and B be events in a probability space. The probability of event A is P(A) = 1/3 and
theconditional probability of B given A°is P(BIA®) = 1/4. Find the probability that A or B
occurs.

(5 Marks)
Let E and F be two events for which the probability that at least one of them occurs is 3/4. Find
the probability that neither E nor F occurs.

(5 Marks)
One tosses a fair coin twice. The two events of interest are: A = {first toss is a head} and B =
{secondtoss is a head}. Are A and B independent? And are they disjoint?

(5 Marks)
In a certain country it is established that 0.5% of the population suffers from a certain disease.
For this disease there exists a test that gives the correct diagnosis for 80% of healthy persons
and for 98% of sick persons. A person is tested and found sick. Find the probability that the
diagnosis is wrong, i.e. that the person is actually healthy. V

-

(5 Marks)
Question 2

a) On January 28, 1986 the space shuttle Challenger exploded about one minute after the
launch. The cause of the disaster was explosion of the main fuel tank, caused by flames of
hot gas erupting from one of the solid rocket boosters. These rocket boosters are
manufactured in segments, joint together with O-rings. Each rocket booster has three O-rings
and per launch two rocket boosters are used, so in total six O-rings each time. Based on data
on the number of failed O-rings, available from previous launches, it was found that the
probability p that an individual O-ring fails depends on the launch temperature ¢ (in degrees
Fahrenheit) according to

exp(a + bt)
P =TT exp(a + bo)
with a = 5.085 and b = —0.1156. Hence, p increases with decreasing launch temperature.
At the time of the fatal launch of the Challenger, + was extremely low: 31 degrees
Fahrenheit. Although the above formula is based on data for which ¢ > 50 degrees
Fahrenheit, let us use this formula also for ¢ = 31 degrees Fahrenheit.

Find the probability of at least one O-ring failing during the 1986 Challenger launch.
(8 Marks)

b) A machine fastens plastic screw-on caps onto containers of motor oil. If the machine applies
more torque than the cap can withstand, the cap will break. Both the applied torque and the
strength of the caps vary. The capping machine torque is a normally distributed random
variable with mean 0.79Nm and standard deviation 0.10Nm. The cap strength, being the
torque that would break the cap, is also a normally distributed random variable with mean
1.13Nm and standard deviation 0.14Nm. Assume that the cap strength and the applied torque
are independent.

Page 2 of 4



1. What is the probability that a cap will break while being fastened by the capping
machine?

(5 Marks)

ii.  Let X be an exponentially distributed random variable with parameter A= 1/5. Find
the conditional probability P(x < 513 < x < 6).
(7 Marks)

Question 3

The random variable X is uniformly distributed on the interval (0, 1). Derive the PDF of the
random variable Y = —InX.Consider two independent random variables X;and X, , distributed
exponentially with A = 1. That is,

e *,x>0
0, otherwise

fx(x) = {
Calculate the PDF of X + X5,

(20 Marks)

Question 4

a) The random variable W is uniformly distributed on the interval (mr, 2 m). What can you say
about E[sin(W)] and sin[E(W)]? Which one is bigger? And if they are equal, are they also
equal to zero?

A pulse of light has energy X that is a random variable with parameter 3, i.e., its PDF is

fr(x) = A2xe ™, for x> 0.
(8 Marks)
b) This pulse illuminates an ideal photon-counting detector whose output N is a Poisson-
distributed random variable with mean x when X =x, i.e., its conditional PMF is

T,~-A
pyix(nlx) = oy forn=0,1.2, ..
Find E[N] and Var[N]
(12 Marks)
Question 5

(a) Suppose that the discrete random variable X has the probability function

PX=x)=(01-6)*1 x=12,.. .
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Show that X has moment generating function

etd

MO TG

t<=In(1-86)

Hence show that the expected value of X is 1/6 and that the variance of X is (1 — )82

(10 Marks)
(b) The random variable X has a Chi-squared distribution with k degrees of freedom ¥

k=1, 2, 3,...), which has moment generating function (mgf) m(t) = (1 -,Z't)""2 for t < V2.

i.  Using the m(t), find the mean and variance of X.

(5 Marks)
ii.  Inthe case k = 4, the probability density function is given by

1
f(x)=zxe’1/2, x>0

Using integration, confirm that the mgf of the Chi-squared distribution with 4 degrees of
freedom is m(1) = (1 -21)* fort < ¥A.

(5 Marks)
Question 6
Suppose two random variables X and Y have joint density function
fxy)=(x+y)if0<x<1,0<y<1
-Find the density function of X and the density functionof Y .

(14 Marks)

Are X and Y independent? Why or why not?
(6 Marks)

Question 7

It is assumed that the 1Q-score for the population of students in Electrical and Electronic
Engineering Department is distributed as N(u, 6%, with ¢ = 10. The Faculty of Science and
Engineering students’ average of u = 110 is the null hypothesis Hy. To test the alternative
hypothesis, H, : p = 120, that E & E students are smarter, a random sample is taken: the IQ of
16 E & E students is measured and the mean comes out as 114.5. Are they smarter? Use the Best
test. What is the decision at the 10% level of significance, and what is the decision at the 5%
level of significance?
(20 Marks)
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Table A-2 The cdf of the Z Distribution (the Z Table}
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Table A-2 (continued)
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t-distribution showing area to the right

t {p, o}

difp} 040 0.25 010 8405 8.025 a0t 0.005 £.0005
1 | 0.324920 | 1000000 | 3077684 | 6.313752 | 1270620 | 3182052 | 8365674 | 636.6192
2 | D.288675 | 0.815487 | 1.885618 | 2.919386 | 430265 | 6.96456 | 992484 | 3159M
3 | 0276671 | 0764882 | 1.637744 | 2353363 | 318245 | 454070 | 5.840%1 12.9240
4 | 0210722 | 0740687 | 1533206 | 2131847 | 2.77645 | 374595 | 460409 | 8.5103
5 | 0.26181 | 0728687 | 1475884 | 2015048 | 257058 | 336493 | 403214 | 6.8688
6 | 0264835 | 0.717558 | 1439756 | 1043180 | 2.44681 314267 | 370743 | 5.9588
7 | 0263167 | 0711142 | 1414824 | 1894579 | 236462 | 299795 | 349348 | 54078
8 | 0.251921 | 0.706387 | 1.396815 | 1.858548 | 230600 | 2.89646 | 23.3553% | 5.0413
3 | 0.260955 | 0702722 | 1.383029 | 1.833113 | 226216 | 282144 | .3.24984 | 4.7809
10 | 0260185 | 0.698812 | 1.372184 | 1812461 | 222814 | 278377 | 3.18827 | 4.5868
11 | 0259556 | 0.697445 | 1383430 | 1795885 | 220093 | 271808 | 3.10581 44310
12 | 0258033 | 0695483 | 1.356217 | 1.782288 | 2.17881 268100 | 3.05454 | 43178
13 | 0.258591 | 0.693829 | 1.350171 | 1.770933 | 216037 | 26503 301228 | 4.2208
14 | 0.258213 | 0592417 | 1.345020 | 1761310 | 214479 | 262448 | 297684 | 4.1405
15 | 0.257885 | 0691197 | 1.340806 | 1.753050 | 213145 | 260248 | 29467 4.0728
16 | 0257599 | 0.690132 | 1.336757 | 1.745884 | 2.1199% 258349 | 282078 | 4.0150
17 | 0.257347 | 0.683185 | 1.333379 | 1.739607 | 210882 | 2.56683 | 289823 | 3.9651
18 | 0.257123 | 0588364 | 1.330391 | 1.734064 | 210082 | 255238 | 287844 | 3.M16
18 | D.2568423 | 0887621 | 1327728 | 1.729133 | 208302 | 253948 | 286083 | 3884
20 | 0.256743 | 0686954 | 1325341 | 1.724718 | 2085956 | 252798 | 284534 | 38435
21 | 0.256580 | 0.686352 | 1.323188 | 1.720743 | 207961 251765 | 28313 | 38183
22 | 0256432 | 0.685805 | 1.321237 | 1717144 | 207387 | 250832 | 281876 | 3.7921
23 | 0256297 | 0.685306 | 1319460 | 1.713872 | 206866 | 249387 280734 | 37678
24 | 0256173 | 0684850 | 1317836 | 1.710882 | 206390 | 249216 & 279694 | 37454
25 | 0256060 | 0.684430 | 1.316345 | 1.708141 | 2.05854 | 2.48511 278744 | 3.72%1
26 | 0.255955 | 0.684043 | 1.314972 | 1.705618 | 205553 | 247863 | 2.778N1 37068
2] | 0.255858 | 0.583585 | 1313703 | 1.703288 | 205183 | 247266 | 277068 | 35396
28 | 0.255768 | 0583353 | 1312527 | 1701131 | 2.04841 246714 | 276326 | 36739
29 | 0255684 | 0.683044 | 1311434 | 1699127 | 204523 | 248202 | 275639 | 3.6594
30 | 0.255605 | 0.682756 | 1310415 | 1697261 | 264227 | 245726 | 275000 | 3.6460
e | 0.253347 | 0674430 | 1.281552 | 1.644854 | 195996 | 232635 | 257583 | 3.2905
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Table A-5 The F-Table
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Table A-3 The Chi-Square Table
Sumbers in te table rapresent Chi-square velues whose sroa to the right equals g
B 610 oss o005 om 000
T 271 384 502 668 788
2| 461 589 738 921 1080
3|62 78 935 1135 1284
| 778 949 1194 1328 1486
5| 924 1107 1283 1509 1675
61065 1259 1445 1681 1855
701202 1407 1601 1848 2028
81336 1551 1754 2009 2196
91468 1692 1902 2167 2359
101588 1831 2048 2321 2519
11728 1968 21.92 2473 2678
12 | 1855 2103 2334 2622 2830
131981 2236 2474 2769 29819
182106 2369 2612 2914 313
15 | 2231 2500 2749 3058 3280
16 | 2354 2630 2885 3200 3427
17 (2477 2759 3019 3341 3572
18 | 2599 2887 3153 3481 3716
192720 3014 3285 3613 3858
20 (2841 3141 3417 3757 40.00
21 (2862 3267 3548 3893 4140
22 (3081 3392 3678 4029 4280
222201 3517 3808 4164 4418
24 (3320 3642 3936 4298 4556
253438 3765 4065 4431 4693
2 | 3556 3889 4192 4564 4829
2713678 001 4320 4696 4865
283792 4134 4446 4828 5099
253908 4256 4572 4950 5234
304026 4377 4698 5088 5367
40 | 5181 5578 B934 6368 6677
50 (6317 6751 7142 7615  79.49
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