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Question 1

a) Three couples attend a dinner. Each of the six people chooses randomly a seat at a round
table. What is the probability that no couple sits together.
(10 Marks)

b) Consider the three events:

A = {Monday it will rain}, P(A)=0.8
B = {Tuesday it will rain}, PB)=0.9
C = {Wednesday it will rain}, P(C)=038

(i) Find the minimum interval covering P(AUBUC), the probability that at least one of the
three days will rain.
(ii)  Find the minimum interval covering PCANBNC), the probability that in all the three days
it will rain.
(iii)  Are A, B and C mutually exclusive?
(iv)  Assume A, B and C are mutually independent. Repeat parts (i) and (ii). Compare your
answers.
(v)  Suppose A, B and C are pairwise independent and that A, B are independent given C.
Show that A, B and C are mutually independent.
(1+1+2+4+2 Marks)

Question 2

a) In the Lottery, there are 49 numbered balls, and six of these are selected at random. A
seventh ball is also selected, but this is only relevant if you get exactly five numbers correct.
The player selects six numbers before the draw is made, and after the draw, counts how many
numbers are in common with those drawn. If the player has selected exactly three of the balls
drawn, then the player wins E1000. The order the balls are drawn in is irrelevant. What is the
probability of winning exactly E1000 on the National Lottery?

(10 Marks)

b) A CD has 12 tracks on it, and these are to be played in random order. Suppose that you have
time to listen to only 5 tracks before you go out.

(i)  What the probability that the S played will be the first 5 on the cover case?

(i)  You arrange for your CD player to play 5 tracks at random. What is the probability that

the 5 tracks played are your 5 favourite tracks (in any order)?
(5+5 Marks)

Question 3

One factory has four production lines to produce bicycles. Of the total production, line 1
produces 10%, line 2 produces 20%, line 3 produces 30% and line 4 produces 40%. The rates for
defective products for these four production lines are 5%, 4%, 3%, and 2% respectively.
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b)

a)

b)

a) What is the probability, p, that a randomly chosen bicycle is defective?
(5 Marks)
b) Ifabicycle is found defective, what is the probability that it comes from production line
4?7 ‘
(5 Marks)
¢) Ifan independent agency, like Consumers' Report buys 25 bicycles at random, what is
the probability that none of them are defective? ;
(5 Marks)
d) For the 25 bicycles mentioned in the previous part of this question, what are the mean
and standard deviation of the number of defective ones?
' (5 Marks)

Questiond

X has p.df f(x) = 28x EXP{—8x?} for x> 0 and f(x) is zero elsewhere. Let Y = X2.
Note that this is a one to one transformation for the range of X for which the p.d/f is

non-zero. Use the standard transformation of variables result to obtain the p.d.f for Y.
(6 Marks)

X has a distribution with p.d.f. f(x) = §e~91xl for all —oo< x < co (where the parameter 6 >

-1
0). Show that the mgf of X is My(t) = (1 = -;—Z) for|t| > 6. Obtain the mean u and

variance o?.
(14 Marks)

Question 5

Suppose that a binary message — either 0 or 1 — must be transmitted by wire from location A
to location B. However, the data sent over the wire are subject to a channel noise disturbance,
so to reduce the possibility of error, the value 2 is sent over the wire when the message is 1,
and the value -2 is sent when the message is 0. If X, X = {—2,2}, is the value sent at location
A, the value received at location B, denoted as R, is given by

R=X+N
where N is the channel noise disturbance, which is independent of X. When the message is
received at location B, the receiver decodes it according to the following rule:
if R > 0.5, then conclude that message 1 was sent
if R< 0.5, then conclude that message 0 was sent
Assuming that the channel noise, N, is a unit normal random variable and that the
message 0 or 1 is sent with equal probability, what is the probability that we conclude
that the wrong message was sent? what is the probability of error for this communication
channel.
(10 Marks)
The number of meteors found by a radar system in any 30-second interval under specified
conditions averages 1.81. Assume the meteors appear randomly and independently.

(i) What is the probability that no meteors are found in a one-minute interval?

(5 Marks)
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(ii)  What is the probability of observing at least five but not more than eight meteors in two
minutes of observation?

(5 Marks)
Question 6
A continuous random variable X has cumulative distribution function:
0,ifx<0
Fy(x) =4+x,if0<x <1
Lifx>1
a) Find the probability density function of X.
(4 Marks)
b) Calculate the expectation and variance of X.
(12 Marks)
¢) Calculate the lower quartile of X. ’
(4 Marks)

Question 7

A company manufacturing light bulbs is testing a new model. The company is going to test the
hypothesis that the mean life time is 1000 hours vs. the alternative hypothesis that it is less than
1000 hours at the significance level = 0.02. Assume that the population distribution for life time
is approximately normal. A sample of 16 light bulbs are found to have sample mean X = 987.5
hours and sample variance S* = 400.

a) State the critical region and answer whether the null hypothesis Hp is rejected.

(12 Marks)
b) Find a 90% confidence interval for the population variance ¢*.

(8 Marks)
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Normal Distribution

Table C-1. Cumulative Probabilities of the Standard Normal Distribution.

Entry is arca A under the standard normal curve from - % to z(A)

z 00 0l 02 03 .04 05 06 07 L8 09
0| 5000 .5040 5080 5120 .S160 5199 5239 5279 5319 5359
-4 5398  .S438 5478 5517 5557  .S596 .56)6  .S675 .SH4 5753
2| 5793 5832 5871 5910 5948 5987 .6026 .6064 610} .6i4f
3 F 6179 6217 6255 6293 633F 6368 6405 6443 6480 6517
47 6554 6591 6628 6664 6700 6736 6772 6804 6844 _GBT9
5| 6915 6950 6985 7019 7054 JOBR  _TE23  7ES5T  TE9O 7224
B 7257 7291 \7324  7As57 (7389 (7422 (7454 (1486 (7517 .7T549
7| 1580 (7611 Te42 7673 7704 1734 7764 7794 7823 7RS2
8 | .788] L7910 793¢ 7967 7998 8023 8051 8078 8106 B33
9| 8159  g186 8212 58238 8264 B289 8315 8340 8165 .8389
1.0 | 8413 .n438 .B461 .8485 8508  &531 .8554 8577 8599 8621
.1 8643 BG6S B686 .B70B 8729 8749 8770 8790 KB10 8830
.2 | .8849 8860 BHBR 8907 8925 8944 4962z 8980 8997 Y015
£33 | 9032 9043 9066 5082 9099 9115 9131 9147 9162 .N77
4| 9192 9207 9222 5236 9251 9265 9279 9292 9306 .9319
1.5 | 9332 9345 9157 9370 9382 9334 9406 9418 9429 94}
I.6 | %452 9463 9474 94384 94935 9503 9515 9525 9333 9545
1.7 ] 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
LB | 9641 9649 9656 9664 9671 9678 9686 9693 9699 9706
19 | 9713 9719 9726 9732 9738 9M4 97150 9756 976l 5767
20| 9772 9S1JR 9783 9788 9793 9798 9803 9808 9812 9817
z1 9821 9826 9830 9834 9838 9842 98486 9850 9854  98S7
22| 9861 9864 9B6B 987t 9875 9878 .9B¥T 9884 9887 98N
23 | 9893 9896 9898 9901 9904 9906 .9%09 9911 9913 9916
24 | 9918 9920 9922 9925 9927 9929 9931 9932 9934 9936
251 9938 9940 9941 9943 9945 9946 9948 9949 .995] 99852
26 | 99513 9955 9956 9957 9959 9950 9961 9962 9963 G964
2.7 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 W94
Z.8 | 9974 9975 9976 9977 .997F 9978 9979 9979 9980 499Kl
2.9 | .9981 9982 9982 9983 9984 9984 9985 9985 .99B6 9986
30 | 9987 9987 9987 9988 9988 9989 9989 9989 9990 .99%0
i 9950 9991 9991 9991 9992 9992 9992 .9992 9993 99591
32 ] 9993 9993 9994 9994 9904 9994 9994 9995 9995 9993
33 | 9995 9995 9995 9996 9996 9996 999 9996 999 .9997
34 | 9991 9997 9997 9997 9997 9997 9997 9997 9997 9998
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ChiSquare Distribution

Table C-2. Percentiles of the y” Distribution-

Entry is y%(A; vy where Plx(v) = y(A: v)} = A

X4

A

005 L0 425 00 100 S0 9% 9T 90 995

A3

0.0°397 G.0°157 0.0°982 007393 G.OISK 270 384 302 663 748
00100 00201 006 0103 0211 460 S99 733 921 1060
0072 01l5 026 032 088 &35 TR 935 1L} 1284
0207 0297 0486 O 1068 778 949 114 1328 1486

0412 0534 03831 L1445 lal 924 1107 1283 1508 1675
| 0676 G872 1A 1M 2.0 wWet 1259 (445 1681 18SS
0Igs 124 169 217 283 §202 1407 1601 1848 2028
34 165 Iy 273 349 1336 1551 1153 A8 215
73 209 2% M 417 1468 1692 1902 2167 2359

Zl6 25 325 3 487 1599 1831 2048 2321 2549
260 308 382 457 sSB 1728 1968 292 2H43F 26,96
307 A5 44 523 630 1IBSS 21,03 2334 2602 2830
357 44 501 589 104 WA 2236 2474 2149 82
407 Aa66 563 65T TP 2106 2368 26012 2514 MW

460 352} 62 12%  BSS 2% 2500 2749 3038 31E0
514 581 591 1% 4l 2384 2630 2885 3200 ¥M.27
50 641 TS6 367 1009 4. 138 1A% B4 BN
626 701 B2 939 1086 2599 2887 M3 M1 Y6
684 163 B9l 1012 IL6S 2720 014 3285 3619 3858

743 826 959 1085 1244 2841 34l M7 ITST A0
803 890 1628 LY M 2982 1267 3548 333 4140
864 954 1098 (L4 1404 3081 3392 36TF 4029 4280
926 1020 1165 1309 485 201 357 3801 4144 44a8
S8 1086 1240 (MBS 1568 32} 3642 3936 429% 4856

1052 {152 312 1461 1647 3438 3765 4065 4AAIl 4693
116 1220 1384 1538 1729 3956 IRE9 4192 4564 4829
1581 1288 WS 1615 I84L 36T4 4011 4319 4696 4364
246 1356 1531 1693 1894 3192 4134 4446 4828 5099
HLIZ 1426 1605 17N 1977 3909 4256 4512 4959 s5u34

13,79 1495 167 1549 2060 4028 4371 4658 S089 85167
20.71 2216 2443 2651 2905 581 576 834 68 6T
2799 2971 3236 336 3169 6317 6150 7142 7815 W49
35.53 3748 4048 4319 4646 7440 TG0R 3330 8838 91.9%

128 4544 4876 3174 5533 8353 905 9502 1004 1042
17 5384 5705 6039 6428 9658 1019 1066 1123 1163
220 6175 8565 6913 Vi 1676 1130 M8 140 1283
133 006 M2 7793 B 18S 1243 195 1358 MO2

TR R

{

 BEEY £22% RRUHED RUERE 35583 ZUNTS umaew
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| Student’s Distribution (f Distribution)

Table C-4 Percentiles of the t Distribution

Entry is 1{A; ») where P{t(3) = r(A; )} = A

A
v 80 iy Ry 85 SO0 95 o715

i 0.32% 0.727 1.37% 1.963 3.018 6.314 12.706
2 0.289 0.617 1.06% 1.386 1.886 2.920 4.303
3 0.277 G.584 0.978 1.250 1.638 2.353 3.182
4 02N G569 0.941 1.190 1.533 S 2ARN 2.716
5 0.267 0.559 0.920 1.156 1.476 2.015 251
] 0.265 0.553 0.906 1.134 1.440 1.943 2.447
7 0.263 0.549 0.896 1.119 1415 1.895 2.365
3 0.262 0.546 .889% 1.108 1397 1350 2.306
L 4 0.264 0.543 0.883 1.100 1.383 LR 2.262
19 Q.260 0.542 0.879 1.093 1.372 1.812 2.228
11 0.260 0.540 0.876 1.083 1.363 L7196 2.251
12 0.259 0.53% 0.873 1.083 1.356 1.782 2179
13 0.259 0.537 0.%7%0 1.079 1.350 1771 2.160
4 0,258 0.537 0.868 1.976 1.345 1.761 2,145
15 0.258 0.536 0.866 1.074 1.341 1.753 2.13)
16, 0.258 0.535 0.885 £.071 1.337 1. 746 2,120
17 0.257 0.534 0.863 1.069 1.333 1.740 2.110
18 Q.257 0.534 0.862 1.067 1.330 1.734 2.101
9 0. 257 9.533 0.861 1.066 £.328 1.729 2.093
20 0.257 ©.533 0.860 1.064 £.325 1.725 2.086
21 0.257 0.532 0.859 1.063 1.323 1.321 2.080
2 0.256 0.532 0.858 1.061 1.323 L7 2074
23 0.256 0.532 0.858 1.060 1319 i.714 2.06%
24 0.256 0.531 0.857 059 .38 171 2.004
s 0.256 0.531 0.856 1.058 1316 1.708 2.060
26 0.256 0.531 0856 1.058 i.ns 1.706 2.056
27 0.256 0.531 0.855 1.057 1.314 1.703 2.052
24 0.256 84.530 0.855 1.056 §£.313 1.701 2.048
29 0.256 0.530 0.854 1.055 1.3 1.699 2.045
1) 0.256 0.530 0.854 £.055 1.310 1.697 2.042
40 0.255 0.529 0.851 1.050 1.303 1.684 2.021
a0 0.254 9.527 0.848 1.045 1.296 1.671 2.000
120 0.254 0.526 0.845 L.04t 1.289 1.658 1.980
L 0.253 0.524 G.842 1436 1.282 1.643 1.960
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Table C-4 (Continued) Percentiles of the f Distribution

A
“ A8 985 99 9925 985 9975 9995
i 15.895 21.205 31821 42,434 63.657 127.322 636,590
2 4.849 5.643 6965 3.073 9.925 14.089 31.598
3 1482 — 3896 4541 0 5041 5.841 © 1453 §2.924 — -
4 2.999 3.29% 3.347 4.088 4.604 5.598 8.610
5 2,157 3.003 3.365 3.634 4.032 4713 6.869
6 2.612 2.829 3.143 n 3.207 4.317 5.959
7 2.517 2745 2.998 3.2 3.499 4.029 5.408
3 2.449 2.634 2.8%¢ 3.085 3.353 3.433 5044
9 2398 2574 2.82¢ 2998 3.250 3.690 4,781
1 2,359 2.5 2.764 2932 3.169 3.581 4.587
1} 2.328 2.49% 2.718 281 3.106 3497 4.437
12 2.303 2.46¢ 2.681 2.836 3.055 3428 4318
i3 2,282 2.436 2.650 2.801 3012 3.3 4.2
14 2.264 2.415 1.624 2 2977 3.326 4.140
15 2.249 .31 2.6022 2.746 2.947 3.286 4.073
16 2.235 2.382 2.583 2714 92 31252 4.015
17 2214 2.368 2.567 17106 2.398 iz 3.965
18 2.214 2.356 2552 2.689 2.878 3497 3.922
19 2.205 2.346 1.539 2.674 2.3561 3.174 3.883
0 2.9 1336 2.528 2.661 2.845 3153 3.849
21 2.189 2.328 2518 2.649 2.83¢ 3.13§ 3.810
22 2,183 130 2.508 2.639 1819 3. k73
3 kB yy 2383 2500 2.629 2.3 3.4 3,768
24 m 2.7 2.492 2.620 2.797 1091 3MS
25 2.167 2.361 2.4285 2.652 2.787 3.078 3.725
26 2162 2.29% 2419 2.606 1919 3.067 3m
27 2.158 2.291 2.473 2.598 M 3.057 3.6%
28 2.154 2.286 2.457 2.592 2.763 3.047 3674
29 2,150 2 282 2.462 2.586 2.756 3.038 3.659
30 2.147 2.278 2.457 2.581 2.750 3.030 3.646
40 2.123 2,250 2.423 2.542 2.104 2971 3.551
(1) .09 2223 2390 2.504 2.660 2815 1.460
120 207 2.196 2.358 2.458 2617 1.360 337
% 2054 235 2.326 2432 2.576 2807 3.291
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