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Question 1 

a) 	 An electrical system consists of identical components that are operational with probability p, 
independently ofother components. The components are connected in three subsystems as 
shown below. The system is operational ifthere is a path that starts at point A, ends at point 
B, and consists ofoperational components. This is the same as requiring that all three 
subsystems are operational. What are the probabilities that the three subsystems, as well as 
the entire system are operational? 
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(10 Marks) 
b) A power utility can supply electricity to a city from n different power plants. Power plant i 

fails with probability pi, independently of the others. 

I. 	 Suppose that anyone plant can produce enough electricity to supply the entire 
city. What is the probability that the city will experience a black-out? 

ii. 	 Suppose that two power plants are necessary to keep the city from a black-out. 
Find the probability that the city will experience a black-out. 

(10 Marks) 

Question 2 

a) Show the following generalizations of the formula 


PCA U B) = PCA) + PCB) - peA n B) 

(i) 	Let A, B, and C be events. Then, 

P(A U B U C)PCA) + PCB) + PCC) - PCA n B) PCA n C) - PCB n C) + PCA n B n C) 

(7 Marks) 

b) In the case of n events Al ,A2, ••• , An. show that 


(7 Marks) 
c) Show the identity 

P(AIB) =P(CIB)P(AIB n C) + P(CCIB)P(AIB n CC) 
Assuming all the conditioning events have positive probability. 

(6 Marks) 
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Question 3 

(a) A space craft has 100,000 components(n -	 (0). The probability ofany one component being 
defective is 2 x 10-5 (p - 0). The mission will be in danger if five or more components 
become defective. Find the probability of such an event. 

(10 Marks) 
(b) A manufacturer checks for contamination on their storage disks. The mean value is 0.1 

contaminants per square centimetre, with a disk surface of 100 square centimetres. What is 
the probability of five or more contaminants on the disks? 

(10 Marks) 

Question 4 

Under certain conditions, the surface tension of a liquid (dyn/cm) is given by the formula S = 2(1 
- 0.005T)1.2, where T is the temperature of the liquid (degrees centigrade). Suppose T is a 
continuous random variable with probability density function 

fx(x) = 3000r , t 2: 10 

Find the population mean and variance of the surface tension ofa liquid. 
(20 Marks) 

Question 5 

Let X and Y be two continuous random variables with the joint density function 

f(x, y) = ( x +y), 0 ~ x ~ 1 and 0 ~ y ~ 1 

a) Are the random variables X and Y independent? Justify your answer. 
(10 marks) 

b) Compute the numerical value ofP(Y 2: Y2;X ~ Y2). 
(10 Marks) 

Question 6 

A random vector (X, Y) has joint pdf, given by 

!(X,Y) = 2e-x- 2y ,x> O,Y > 0 

a) Calculate E[XY]. 
(6Marks) 

b) Calculate the covariance of X + Y and X - Y . 
(14 Marks) 
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Question 7 

A company manufacturing pacemakers is testing a new electrode. The electrodes must adhere to 
a silicone substrate for at least 20 years. The company is going to test the hypothesis that the 
mean adherence time is 20 years vs. the alternative that it is less than 20 years at the significance 
level a 0.05. The experiment will be conducted with a sample of25 volunteers. Assume that 
the population distribution for the adherence time is approximately normally distributed. 

The average adherence time for the pacemakers in the 25 volunteers is found to be 18.8 years 
and the standard deviation of the sample is found to be 3 years. 

a) Is the null hypothesis rejected? 
(10 Marks) 

b) If the company wants to decrease the probability of making a type I error without 
increasing the sample size, should the critical value be increased or decreased? Justify 
your answer. 

(5 Marks) 
c) Find the 95% confidence interval for the population variance ri. 

(5 Marks) 
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Normal Distribution 

Ta ble C-1. Cumulative Probabilities of the Standard Normal Distribution. 

Entry is are-.t A unde,. tbe standard nQrm'" CI.I~ [rom -"" [0 z(A) 

z(A) 

z .00 .OJ .04 .os .06 .07 

.0 .5000 .5040 .sutt:U .S1lO .5.60 .5199 •.52,)9 .5219 .S319 .:S3S9 

.1 S198 .54)8 .:5478 ..5S11 .SSS1 ..5596 .S6J6 .56U .'714 ,5753 

.2 S191 .5832 .587' .5':1'10 .,948 .'987 .0026 ..roM .6103 .6£41 

.3 .6179 .6217 .625S .6293 .6.33:1 .636& .6406 .6443 .6430 .6517 

.4 I .6S54 .6~9J .6628 .6664 .6100 .6736 .6112 .680~ .6844 .6&19

.5 ..6915 .69SO .6985 .7019 .7054 .7088 .7123 .7151 .7,gO .12l4 

.6 .1257 .7291 .7n4 .73'" .1389- .7422 .7454 .7486 .7.511 .1549 

.1 .i':nlO .7611 .711142- .1613 .1104 .7134 .7764 .1794 .78n .7&52
.8 .788.1 .19Ul .~l'll .1967 .1995 .802J .80.51 .8()18 .8-f ()6. .81l3 
.9' .8159 .8186 .8112 .8238 .3U4 .8289 .831.5 .8140 .83M .8389 

[,0 .8413 .84.38 .11461 .8485 .8:i08 .8531 .aSS4 .&577 .8599 .862l 
U .8643 .8665 .8686 .S708 .8729 .8149 .8110 • 879()' .8810 .8830 
1.2 .8849 .8869- .llllllS .8901 .8925 .8944 .8962 .8-980 .8997 .90U 
1.1 .903-2 .9049- .9066 .9082 .9099 .911S .'1131 .9141 .9162 .9177 
'.4 .9192 .9207 .92:22 .!.ll36 .9251 .9165 .92.79 .9292 .9106 .9l19 

'.5 .9312 .934' .9]'7 .9310 .93"&1 .9394 .9406 .9418 .9429 .9441 
1.6, .9452 .~3 .9474- .9484 • '.i49!J .9.5Ol .9SIS .9'll .9SlS .954' 
1.7 .9554 .9564- .957J .9'S8~ .9",1 .9599 .9608 .9616 .962S .96J} 
I.R .9641 .9649 .9656 .51664 .9/11.7' .96'S .9686 .9Ml .9699 .9106 
1.9 .9713 .9119 .9'726 .9731 .9738 .9144 .9150 .9156 .916-1 .9167 

2.0 .9712 .917S .9783 .9788 .9793 .9198 .9ao.3- .9_ .98U .'8112.., .9821 .9826 .9836 .9834 .9831 .9842 .9346 .9S.S0 .9SS4 .tlS7 
2.2 .9861 .9864 .9868 .981. .9S7S .9878 .9881 .9884 .9117 .9890 
z..) .989.1 .9896 .93'13 .9901 .9904 .9906 .9~ .99U .9913 .99£6 
2.4 .9918 .9920 .9922 .992:5 .(j~27 .9929 .99ll .9911 .9934 .9936 

2.5 .9938 .9940 .9941 .9943 .9945 .9946 .9948 .9949 .9951 .9952 
2.6 .99U .99'SS .9956 .99S1 .9959 .9960 .9961 .9962 .9963 .9964 
2.7 .,9914 .9966 .9967 .t968 .~9 ."70 .9971 .9972 .991) ."74 
2.8 .9914 .9915 .9976- .9977 .9977 .9911J .9979 .9979 .9980 .WK' 
2..9 .9981 .9982 .9tS2 .9983 .9984 .9984- .998$ .9985 .998:6 .9986 

3.0 .9987 .9987 .9987 .9988 .9988 .9989- .9989 .9989 .9990 
3..1 .9990 .999) .999' .9991 .9992 .9fi2 .9992 .9992 .999-.'J. 
3<.2 .999l .999) .9994 .m4 ,9994 .9994 .9994 .9995 .999S 

.9991)..3 .CJ99S .9995 .9995 .9996 .Sl996 .'J996 .9996 .9996 
3.4 .9997 .9997 .9997 .9'.iJ91 ."9997 .9991 .9997 .9997 .'1991 
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Chi-Square Distribution 

Table C-2. Percentiles of the 'l Disbibution 

A 

.OOS .au) .015 .0S00 .tOO .900 .950 .975 .990 .99S 

r 
1 
] 
... 

5' 
6 

~.0"'19J 0;01 151 OJ)~2 OJF]93 O.OlSlC 
0.0.00 O.O2.Ol (1-.0506 0.103 O.2U 
fum 0.115 0.216 O.lS2 0.184 
O.ID1 om 0." 0.111 UIM 

C1412 
n.""?' 

&..»4 
0.&11 

O.Sl' 
(Z4 

1.145 
1.64 

1.61 
2.2!l 

HI 
4.6l 
Ii25 
7:18 

9.24 
Ul.M 

3." 
1.99 
1.1U 
9.49 

It-07 
12.S9 

SJJ2 
7.3IJ: 
9.JS 

11.14 

L2.1I3 
t4041 

6.63 
9.2e 

ILl4 
U.2H 

15.09 
L6.&l 

1.U 
liUO 
12.84 
14-.86 

16.75 
LR.U 

1 ! 0.'89 1.:z.4 1.69 1.17 Z.ll Il.tll 14.01 16.01 Ul.48 2Il.2t 
g U4 1.65 .tIB 1.73 3.49 13.36· IS.SI 11.51 20.09 2r.9t 
9 1.71 2.t» ::1.70 J.n 4.17 14.68 16.92 19.Ol :lUi7 2:3.59 

10 2.16 2.56 .tlS 3.94 4.81 llUl lO.4I 2Ut 25.19I"."11 2.60 ]05 J.81 451 ~S8 17.18 19.68 :U.92 24.n Zti.16 
U 1.07 1.51 4.40 s.n 6.» IB.5S 2UU 23.34 2&.l1 21.30 
11 1.51 4.11 '.01 S.W 1.04 I'.un 22.. 24.14 27.69 29.&2 
14 ".01 4.l.6 5.63- 6.S1 1.19 21.0fl 2'U3 26.12 29d4 11.12 

15 4.8) S.D 6.26 1.26 B • .ss 22.:$1 25.00 21.49 :$O.sa 32..110 
16 S,14 UI 6.91 1.96 9.31 21S4 26.30 211.85 32..00 14.21 
L1 S.XI 6.41 1.56 11.67 10,1l!) 24.77 27.59 30.19 n.41 JS.12 
1.& 6.26 7.01 B.n 9.19 10.116 28.87 31.5) 3Ut 37.16~.'"
19 6..84 1.6} UI to.12 IUS 27.10 30.14 l2.SS 36.19 38." 

20 7.43 lU6 9.59 10.0 12.44 28.4~ l .... 1 lU7 37.57 40.00 
21 1t03 1.90 ICUI Ir.~ Ij,24- 29.62 12..61 35.41 JUl 41.4Q 
:12 8.64 ~.54 10.93 U.J4 14.04 JO.81 1192 ".11 40.29 42..80 
2) 9.26 1D.lO n.69 1.3.09 iUS 11.m )5.17 38.0& 4Lf.i4 4U8 
24 9.89 lti.86 12.40 H.BS L5.~ 3J.l& 36.42 39.)6 42:.98 45.'6 

15 I(U2 lUl 13.lZ 14.6·1 C6.47 JU8 :rI.6S <I).6S 4Ul 46.113 
~ 11£.16 12.20 13.84 UJ8 17.29 lS.S6 38'.89 4Ul 45." 48.2.9 
'11 IlI.at \1.1\& t.4SJ \US ll.n 34.i4- «1,.11 4U4) 46..4)6 -GJ'i4. 
28 p.46 U.S' IS.lf 16.93 UI.H 11/12 4r.14 44-46 411.28 SlUt 

,29 113.12 14.26 lti.OS 17.11 19.11 39.09 42.S6 45:n 49<.$9 5%.34 

30 14.95 1~.19 ]8.0'9 20.60 ~ 43.17 46.91 SO.89 $l.6" 
40 22.16 24.4l 26.51 2'i.OS s-t.lJ S5.7fi. 5'9.34 Q.fl9 66.11 
50 29.11 12.lfi. 3U6 31.69 6l.11 6T.SO 71.42 16.1S 19.49' 
S). 17.48 40.41 4).19 46.46 14.40- '19',01 n.lO 88.38 9U~ 

70 4.5.44 43.76 ".14 ~".JJ 8" •.13 ~.n 95.02 100.4 1Of..l 
10 SJ.S4 5'7.[ S 60:.39 64.28 9(•. 5. 101.9 106.6 IIU 116.3 
90 61.15 65.6S 69.J 3 13.29 107.6 Illl 118.1 12-4.1 U".3 

100 lQtJ6 74i.12 82...36 111.5 124.3 '2'1.6 13S.8 140.2.TI.'''' 
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Student's Distribution (t Distribution) 

Table C-4 Percentiles of the t Distribution 

Entry is teA; J<') wbcrc p{,(p) :$ I(A; J<')} = A. 

tCA; II) 

A 

"" .60 .70 .10 .as .4lO 
.' 

.95 .<ns 

I 
2 
3 
4 
S 

0.32$ 
0..289 
a:Tn 
0,21\ 
0.267 

0.721 
0.617 
0.584 
0.569 
O.SS9 

t.m 
1.061 
0.971 
0.941 
0.920 

1.963 
1.386 
1.250 
1.190 
U~ 

3.018 
1.886 
1.638 
1.533
1••76 

6.3-14 
2.920 
2.353
"2,.,\ll 
2.01S 

n.~ 
".303 
]..)82 

2.116 
2.571 

6 
7 
8 
9 

10 

0.26:5 
0..263 
0.261 
0.261 
O.2f:iO 

0.553 
0.549 
0.546 
O • .5OU 
0..542 

0.906 
0.896 
0.889' 
0.&83 
0.819 

1.134 
1-1.0 
1.108 
1.100 
1.093 

1..t40 
1.41S 
l.m 
1.383 
1.3-72 

1.943 
1,895 
1.860 
i-'c\3l 
1.811 

2.447 
1.l6S 
1.306 
2:.262 
2.128 

U 
l2 
13 
14 
IS 

0..260 
0..239 
0..2$9 
O.lSI 
O..2S8 

B.S40 
0.5:J9 
0..5J1 
0.531 
0.536 

0.816 
0.873 
O.fnQ 
•.1t:i8 
00866 

Ul81 
1.083 
1.019 
l.01i 
1.074 

1.3& 
l.JS6 
1 . .1!so 
1.34S 
1.341 

L796 
1.712 
1.71l 
).76·1 
•.153 

2.101 
2.119 
2.160 
2..14!5 
2.t31 

J6 
17 
18
.9 
20 

0..258 
O.2S7 
n.m 
0.251' 
B.2S1 

rUM 
B.5J.4: 
0.534 
0.:533 
0.533 

fJ.86S 
0.863 
0.862 
O.l6i 
OJIC)O 

U'l1 
IJl69 
t.067 
U166 
1.064 

1.337 
1.333 
1.:130 
• .328 
1..325 

1.746 
1.740 
1.734 
1.729 
'.725 

2.120 
2.110 
2.101 
;U.J3 
:1..086 

21 
22 
23
2. 
2S 

6.157 
0.2S4 
o.2S6 
O.2.S6 
0.256 

0..'31 
0..532: 
O.S3~ 
0 • .531 
0 • .531 

0.8j9 
O.8S8 
O.~ 
0.8.57 
O.1S6 

1.063
UI6. 
1.060 
,.059
L058 

1.323 
1.:nS 
1.3J9 
I.:HS 
1.316 

LUI 
'.711 
1.114 
1.7n 
1.701 

1.080 
a..074 
1.069 
2.064 
2.1)fj() 

26 
Z7 
ZIJ 
29 
30 

(L2S6 
1).2S6 
0.256 
0.256 
0.256 

O~l 
0.531 
0.530 
0.530 
0.530 

O.ll56 
O.8SS 
0 . .,5 
0.854 
0.SS4 

(.oss 
1.051 
1.056 
I.OSS 
••OSS 

LliS 
Ul4 
'.313 
l.lH 
1.310 

1.106 
1.703 
l.70l 
LIWII' 
UW7 

2.OS6 
2.052 
2.048 
a.04S 
2.042 

40 
60 

120 
00 

0.255 
0.254 
O.2S4 
O.:t53 

O.S2.9 
O.S2.1 
0.526 
O.sZ4 

a.1S1 
0.848 
O.14S 
O.$Q. 

f .0:50 
'.04$ 
1.041 
1.036 

130) 
1.296 
1.289 
1.282 

L684 
L61l 
1.6S1 
I.64S 

2.021 
2.000 
LtaO 
1.960 
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Table C4 (Continued) Percentiles of the t Distribution 

... 

A 

.98 .98.<!i .99 .9925 .995 .9C>15 .9995 

1 15.895 2l.205 3(.821 42.434 63.6.57 , 21. J22 636.590 
Z 4.849 5.643 6.965 8.073 9.925 14.089 3l.598 
3 3.482 3.896 4.SrU ~;'041 S.84l 1.453 12.924 
4 2.9'19 3.298 3.741 4.0&& 4.604 S.S98 H.61O 
S 2.7S7 3.003 3.365 3.~34 4.032 4.173 6.869 

6 2.612 2.829 3.143 3.372 3.7m 4.317 5.959 
7 2.517 2.7tS 2.998 3.203 3.499 4.029 5.408 
8 2.449 2.634 2.896 1.0&5' 3.355 l.C3 5.04' 
9 2.398 2.574 2.821 2.998 3.250 3.690 4.781 

10 2.359 2.521 2.164 2.9J2 3.169 3.581 4.531 

11 2.328 2..491 2".118 2.319 3.()6 3.497 4.437 
12 2.303 2.46' 2.68f 2.836 3.05S 3.428 4.3.18 
13 2.232 2.436 2.630 2.80\ 3.012 3.372 4.221 
14 2..264 2.41S 2.624 2.77~ 2.m 3.326 4.140 
15 2.249 2.m 2.002 2.14b 2.941 3.186 4.013 

16 2.2JS 2.m 2.S&l 2.724 2.921 3.252 4.0&5 
11 2.224 2.368 2.S~7 2.106 2.898 3.222. 3.965 
l8 2.214 2.356 2.552 2.~ 2J118 3.197 3.922 
19 2.20.5 2.346 2.539 2.674 2.861 3.114 3.883 
20 2.191 2.336 2.528 2.(161 2.845 3.\S3 3.849 

21 2.189 2.328 2..st8 2.64-IJ 2.8l1 l.13S. 3.819 
22 2.UO 2.320 Z.5<lS 2.639 2.&19 3.119 3.192 
23 2.l71 l.3U 2.500 2.629 2.801 3.104 3.168 
2<6 2.112 2.30'1 2.492 2.620 2.791 :U19t 3.145 
25 2.167 2..30. 2.485 2.612 2..187 3.018 3.725 

26 2.)62 2.2% 2.479 2..605 2.179 3.067 3.101 
n 2.ISI 2.291 2.413 2.598 2.17l "3.051 3.690 
28 2.154 2.236 2.467 2S92 2..763 3.(147 3.614 
29 2.150 2.282 2.462 2.586 2.756 3.03& 3.659 
30 2..147 2.218 2.4S1 2.581 2.7'so 3.030 3.646 

40 2.U3 2.250 2.423 2..542 2.704 1.971 3.551 
60 2.099 2.223 2.390 2.504 2.660 2.9<15 3.400 

12(t 2.076 2..196 2.358 2.468 2..611 1.8tiO 3.373 
CI) 2.004 2.170 2.326 2.432 2.516 2.807 3.291 
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