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Question 1

a) An electrical system consists of identical components that are operational with probability p,
independently of other components. The components are connected in three subsystems as
shown below. The system is operational if there is a path that starts at point A, ends at point
B, and consists of operational components. This is the same as requiring that all three
subsystems are operational. What are the probabilities that the three subsystems, as well as
the entire system are operational?
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(10 Marks)
b) A power utility can supply electricity to a city from n different power plants. Power plant
fails with probability p;, independently of the others.

i.  Suppose that any one plant can produce enough electricity to supply the entire
city. What is the probability that the city will experience a black-out?
ii.  Suppose that two power plants are necessary to keep the city from a black-out.
Find the probability that the city will experience a black-out.
(10 Marks)

Question 2
a) Show the following generalizations of the formula

P(AUB)=P(A)+P(B)—P(ANB)
(i) Let A, B, and C be events. Then,

P(AUBUOP(A+PB)+P(C)-PANB)—P(ANC)—-PBNOY+P(ANBNC)

(7 Marks)

b) In the case of n events A,Ao, . . ., A,, show that

PAAITNAN- - NA)ZPAD+PAY+- - - +PA)—(n—1).

(7 Marks)

c) Show the identity

P(A|B) = P(C|BYP(AIBN C) + P(CCIBYP(AIBN CC)
Assuming all the conditioning events have positive probability.

(6 Marks)
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Question 3

(a) A space craft has 100,000 components(» — o). The probability of any one component being
defective is 2 x 10” (p — 0). The mission will be in danger if five or more components
become defective. Find the probability of such an event. .

(10 Marks)

(b) A manufacturer checks for contamination on their storage disks. The mean value is 0.1

contaminants per square centimetre, with a disk surface of 100 square centimetres. What is

the probability of five or more contaminants on the disks?
(10 Marks)

Question 4

Under certain conditions, the surface tension of a liquid (dyn/cm) is g1ven by the formula S = 2(1
-0.005T)"?, where T is the temperature of the liquid (degrees centlgrade) Suppose T is a
continuous random variable with probability density function

fx () =30007* ,t> 10

Find the population mean and variance of the surface tension of a liquid.

(20 Marks)
Question 5
Let X and Y be two continuous random variables with the joint density function
fix,y)=(x+y), 0<x<land0<y<1
a) Are the random variables X and Y independent? Justify your answer.
(10 marks)
b) Compute the numerical value of P(Y > % ;X <12).
(10 Marks)
Question 6
A random vector (X, Y ) has joint pdf, given by
flx,y)=2e™*% x>0,y>0
a) Calculate E[XY ]. .
(6Marks)
b) Calculate the covarianceof X+ Yand X -Y .
(14 Marks)
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Question 7

A company manufacturing pacemakers is testing a new electrode. The electrodes must adhere to
a silicone substrate for at least 20 years. The company is going to test the hypothesis that the
mean adherence time is 20 years vs. the alternative that it is less than 20 years at the significance
level a = 0.05. The experiment will be conducted with a sample of 25 volunteers. Assume that
the population distribution for the adherence time is approximately normally distributed.

The average 'adhekrence time for the pacemakers in the 25 volunteers is found to be 18.8 years
and the standard deviation of the sample is found to be 3 years.

a) Is the null hypothesis rejected?
(10 Marks)
b) If the company wants to decrease the probability of making a type I error without
increasing the sample size, should the critical value be increased or decreased? Justify
your answer. )
(5 Marks)
¢) Find the 95% confidence interval for the population variance o>,
(5 Marks)
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Normal Distribution

Table C-1. Cumulative Probabilities of the Standard Normal Distribution.

Entry is arca A under the standard normal curve from -~ to 2(4)

HA)

z 00 Ril 02 03 04 05 6 Kig) L8 R
A 5000 5040 S0H0 5120 S16Q .S199 5209 5XTR SM19 L5359
o 5398 .S438 5478 5517 5557 8596 5636 .S675. 5714 5753
2] 5193 S8A2 S871 5910 5948 9987 6026 604 6103 Gi4d
3 6179 6217 625 6293 631 6368 6406 6443 6480 6517
A4 6554 6591 6628 6664 GTO0 6736 67X 6E08 6%44 GRTS
S| 695 6950 6985 7O 0S4 (TO88 TE23 7E57T O .TEN0 224
& | FAST 7291 7324 TAsR 7389 1422 744 JT486 VSIT (TM9
g 1580 76110 642 FETY O TTO4 TTI4 vre4 T4 7823 MES2
KR | 7881 Je0 N3 T96T 1995 BG23 8051 B0M8 8106 8133
9| B15%  BI1B6  B2I2 8238 8264 BZ89 H3I5S B340 BI6S B389
(0 B413 3438 61 5485 458 4531 8554 8577 8599 8621
k1 8643  B665 BAB6 8708 8T .89 87T0 8790 HSI0 883
£.2 | .B849 K869  BHER 2907 EYIS €944 8962 8980 4997 Y015
£ | 9032 9049 9066 9082 9099 3115 3 2147 H62 N T7
14 ] 9192 9207 922 9236 5281 9265  927¢ 9292 9306 9319
£S5 ] 9332 9345 9337  BI70 9382 9394 9406  NMIE 29 9441
1.6 | 9452 9463 9474 9434 9493 9505 9515 9515  95)5 9545
.71 9554 9564 9573 .9S5R2 9591 9599 9608 9616 9625 9633
LE ] 9641 9649 9656 9664 9571 2673 9686 9693 96992 9706
£.9 ] 9713 ST 926 932 9T M4 9150 9TE6 9761 9T
20 STZ SR 9783 97BE 9793 9798 9803  9EO8B 9812 9817
z1 a8 826 9B30 9834 9838 9842 9R4E 985S0 9854 5T
X2 | 9861 ARG 9B68 9RTt S87S G9ETE (9HX1  YE84  9EET 9890
2.3 | 9893 9896 9898 9901 9904 9906 9909 9911 9913 996
24 ] 9918 9920 9922 9923 9927 9529 9931 9932 993 9936
2.5 7 9938 9M0 9941 94T 9945 9946 9948 9949 9951 9952
26 1 9951 9955 9956 9957 .995¢ 9950 9961 L9962 9953 9964
27 | 9965 9966 9967 9968 9969 9970 9971 9972 9973 WM
2.8 | 99 9575 9976 9977 Q977 9078 9T 9975 99B0  99Rl
29 | 9981 pus2 9982  O08Y 90B4 9984 9985 9985 998G 9956
3.0 | 9987 9987 9987 9988 9988 9989 9989 WWE9 .999C 9990
31 9990 9991 9991 9991 9982 9992 9992 999 9993 9953
32 1 9993 9991 994 9994 2004 9984 8904 9095 9995 999§
3.3 ] 9995 9995 9995 9996 999G 3996 999 .99% 999 8997
14 | 9 9997 9997 99T D9NT 9997 9997 9997 9997 QWR
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ChiSquare Distribution

Table C-2. Percentiles of the x2 Distribution

Enlry is y24; v} where P{(s} = x¥(4; 2}t = A

X;( Av)

A
» | 005 010 025 050 100 500 950 975 990 995
""" H
I | 004393 0,017 0.0°982 0.0°393 G.OISK 271 Jgé 502 663 78R
2 | 00100 00201 0006 0.103 0201 461 389 738 92 1060
3 /0072 0MLS 0216 0352 0384 425 TRl 935 1L 1284
4 |0X7 0207 048 OTIT 108t 7TR 949 ILK4 1328 1486
5 {0412 03554 08 LI45 (sl 924 L7 1283 1500 1675
6 10676 08712 124 164 230 Wed 1259 445 168L IRSS
7 (038 124 160 217 283 J202 1407 1601 1848 208
g [L34 165 28 273 349 3136 ISSI TS} 2008 2096
g |LT 200 11 313 417 1468 1692 1902 267 B9
10 |26 25 325 394 487 (599 1831 2048 2321 2549
11| 260 305 2387 457 SS8 728 1968 2192 U473 2676
12 (307 357 440 523 630 1855 203 23 2627 28.30
13 |357  4n SOt 389 706 198 1236 2474 2769 2082
14 |407 466 56 657 739 2006 268 2612 2904 3R
I5 [460 533 626 126 &35 2231 2500 2249 3038 3LH0
16 | 514 S8 69t 796 93 24 630 2885 3200 U2
17 |570 641 756 267 (009 2477 2759 30U NVA BN
18 1626 701 823 939 1086 2599 2887 53 M8 e
19 | 684 763 B9 102 H.6S 2710 3014 X1E5 3619 38SE
220|743 B26 99 1085 (244 IR4L N4L M7 NST 4000
21 (803 890 1628 IL39 I3M 2962 3267 3548 IIF 4140
22 {864 954 1098 1234 1404 3081 3392 3578 4029 4280
2) {936 1020 1169 1309 KBs 3200 Isi7 3BOE 4164 4418
24 |989 1045 1240 EXBS 1566 MM 3642 3936 4298 45.56
25 11052 1153 IVI12 16l 64T 3438 3765 4065 M 469
% 1016 1220 1384 1538 1729 3556 I88F 4192 4564 4829
27 AL 1288 MST 16US LB T4 4031 4349 4696 4064
28 '[246 1356 ISH (693 185 392 ALM 4446 4828 0.9
29 1012 1426 1605 1771 WIT 3909 4256 45T 4959 LM
30 1379 1495 1679 1849 2060 4026 4377 4698 SORS 5167
40 D071 2216 43 2651 2905 StEE S5T6 5934 66y 6677
56 2799 297 3236 3416 3169 6317 6530 A 645 049
€1 (3553 13748 404% 4319 2646  TAM0 T9.0B X330 8838 9195
0 WL28 4544 4876 3174 SS3) 553 9053 9502 004 1042
8 5117 $354 STIS 6039 6428 9658 1019 1066 1113 116D
90 [$9.20 6L 6565 €13 7329 1076 111 WAL yM0 1283
100 6733 7006 W22 793 BL3S  LIES 143 1296 1358 M02
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Student’s Distribution (f Distribution)

Table C4 Percentiles of the t Distribution

Entry is 1{A; ) where Pie(3) = r(A; v} = A

A
= 60 0 80 .85 R .95 975

1 0.325 0.727 1.376 1.963 3.018 6.354 12,706

2 0.289 0.617 1.061 1.386 1.886 2.920 4.303
3 0.277 0.584 0.978 1.25 1.638 2.353 3.182
4 22N &.569 0.941 1.190 1,533 2132 2.7T18
5 0.267 0.559 0.920 L. 156 1.476 2.015 2571
6 0.265 4.55% 0.906 1.3 1.440 1.543 2.447
7 0.263 0.549 0.396 1139 1.415% 1.89% 2.365
B 0.262 0. 546 G889 1.108 1.397 1.860 2.306
9 0.261 0.543 0.883 1100 1.383 1833 2.262
10 Q.26 0.542 0.879 1.093 1.372 LB12 z2.228
1} 0.260 0.540 Q.876 1.088 1.363 1.796 2.1
12 0.25% 0.539 9.873 1.083 1.356 L.782 1%
13 .2359 0.537 0870 1.079 1.330 1.771 Z2.160
14 0258 0.537 0358 076 1.345 1.761 2.145
15 0.258 0.536 0.866 1LOZ4 1341 i.753 2.3
113 0.258 ¢.535 9.858 E.Q71 1.337 ¥ 745 2,520
17 0.257 0534 a.8683 1.069 1.333 1.740 2.110

18 0257 .53 0.862 1.067 1.330 1.734 2,10
19 0.257 9.533 C.861 1.066 1.328 1.729 2,053
20 0.257 0.533 0.860 1.064 £.325 1725 2.086
21 0.257 ©.532 0.839 1.063 1.323 L3721 2.080
22 0.256 0.532 0.858 1.061 1.32% N7 2014
3 0.256 0.532 0.858 1.060 1.319 £.714 2.069
24 0256 0.531 O.B57 1059 1.318 L 2.004
25 0256 0.531 0.856 1.G58 1.316 1.708 2060
26 G256 0531 Q856 1.058 .35 L7706 2.056
7 0.25¢ €.531 0,855 1.057 £.314 1.703 2,052
4 0.256 a.530 0.855 1.4056 313 L.701 2048
29 0.256 C.530 0.854 1.05§ L3 1.69% 2.045
30 0.256 0530 0.854 §.055 1310 1.697 2042
40 06258 0.529 0.851 £.050 t.303 1.684 2.021
&0 0.254 0.527 Q.84x 5.045 1.296 1671 2.000
120 0.254 0.526 0.845 £.041 1.289 1.658 1.980
o 0.253 0.524 0.842 1.036 1.282 1.645 1.960
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Table C4 (Continued) Percentiles of the ¢ Distribution

A
v 98 985 99 9925 995 9975 29995
1 15.895 21.205 38.821 42.434 63.657 127.322 636.59%0
2 4.849 5.643 6.965 84073 9.925 14.089 31.598
k] 3.482 3.896 4.541 5.047 S.841 7.453 izon
4 2.999 3298 3.747 4.088 4.604 5.598 8.610
b 2,757 3.003 3.365 3.634 4.032 4,713 6.869
6 2612 2.829 3.143 n 3. %07 4.317 3.959
7 2517 275 2.998 3.203 3499 4029 5.408
3 2.449 2.634 2.8% 3085 3.355 3483 5.041
9 2.398 2574 2821 2998 3.250 3.690 4.781
10 2.359 2.527 2.764 2932 3.169 3.581 4.587
il 2.328 2.49t 2718 283 3. 106 3497 4.437
12 2.303 2.46¢ 2.681 2.836 3.055 3428 4.118
13 282 2.43% 2.650 2,30 3.012 3382 4.221
14 2.264 2.415 2.624 217 2977 3.326 4.140
15 2.249 P 1) 2.602 2.146 2947 3.286 4.073
16 2235 2.382 2.583 2,74 2921 1252 4015
17 2.224 2.368 2.567 2.706 2.898 3222 3.965
2 2214 2.356 2.552 2.689 2878 3497 3.922
19 2.205 2.346 1.5%9 2674 2.361 3.174 3.433
21 2. 2.336 2528 2661 2.845 3153 3.849
21 2.189 2328 2518 2.649 2.83 3.13% 3.819
22 2,183 2.320 2.508 2639 2319 3.1 3.
3 21 .13 2500 2.629 2307 3104 3.768
24 21mn 2.307 z.492 2.620 2.9 3.091 31745
25 2.167 2.301 2.485 2612 2787 3.078 3.725
26 2162 2.29% z.am 2.605 27179 3.067 3.0
A 2.158 2.291 2.473 2,598 TN 3.057 3.690
28 2.154 2286 2.467 2592 2.763 3.047 3614
2% 2.150 2.282 2.462 2.586 2,756 3o 3.659
ki) 2147 2.278 2.457 2.581 2.7150 3.030 3.646
40 2.123 2.250 2.423 2542 2.704 297 3.551
60 2.099 2223 2.3%0 2504 2.660 2915 3.460
120 2.076 2,196 2.358 2.468 2,617 1.860 3373
® 2.432

2054

2.326
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