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INSTRUCTIONS TO CANDIDATES

1. There are FIVE questions in this paper. Answer any FOUR questions.
3. Show all your steps clearly in any calculations/work.

4. State clearly any assumptions made.

5. Start each new question on a fresh page.

6. Useful Fourier Transform and Z-Transform properties are attached.

7. Make sure that this exam contains 8 pages including this one.
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o QUESTION ONE (25 marks)

) ” Lex x(t) be a possibly complex valued time signal with Fourier transform X(w). Express the

 Fourier transforms of the following time signals in terms of X(w).

a. x'(t) 3]
b. Im{x(t)} (6]
c. x(t—2)+ x*(—-t+2) [8]
d. eMmtx(3t —3) [8]
QUESTION TWO (25 marks)

Find the signal corresponding to the following Fourier transforms.

a. Xy(w)= 2+1jw (3]
b.
,F’(b(‘"}
12
2 2 o
[4]
. e—i2@-P
¢ X(ef)= 8]
2-e¢ )
d. Xa(w) = Xo(@)Xp(w) [10]

QUESTION THREE (25 marks)
A causal and stable LTI system has a property that
n n
(E) u(n) »n (g) u(n).

a. Define the discrete time Fourier transform (DTFT) pairs and indicate how DTFT is

related to continuous time Fourier transform (CTFT). [5]

b. Determine the frequency response H ( el “’) for the system. [10]
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C.

-Determine a difference equation relating any input x(n) and the corresponding

output y(n). ; [10]

QUESTION FOUR (25 marks)

1. State sampling theorem. Define Nyquist rate and Aliasing? (5]
2. Let x(t) be a real-valued signal for which X(w) = 0 when |w| > 10007. Amplitude

modulation is performed to produce the signal g(t) = x(t) cos(1000nt). Assume

the spectrum of x(t) is real valued and as given in the figure.
a. Find and plot the real and imaginary parts of G(w), the spectrum of g(z). 18]
b. Find and plot the real and imaginary parts of W (w), the spectrum of w(r). [12]

X(jw)
1.0
10007 10007

QUESTION FIVE (25 marks)

Consider the two discrete-time sequences.

x;(n) = (—:—)n u(n—1)and x,(n) = G)n u(n+1)

where u(n) is the unit step function. A third signal is obtained using the convolution sum,

exam. x(n) = x,(n) * x3(n) * x,(n).

a
b.

C.

e

. Compute the z-transform of x,(n). | 5]
Compute the z-transform of xé (n). [51
Compute the z-transform of x(n). [5]
Derive x(n) from the z-transform obtained in part (c). (101



TABLE ¢ Fourier Transforms

21

No. x(H) X(w)
1
1 e~ u(t) - a>0
' a+jw
2 eu(—t) ! a>0
a— jo
_ 2a
3 et e a>0
1
e H ———————
4 e u(r) @t oy a>o0
5 t"e"%u(t) (@ + jo)r a>0
6 HO) 1
7 1 2nd(w)
8 elwot 2é(w — wp)
9 cos wyt 7 [8(w — wo) + 8(w + wo)] -
10 sin wot jr[8(w + wp) — 8(w — wo)]
1
11 u(t) wé{w) + }g
12 sgnt —2—
g o
4 Jjo
13 cos wot u(t) 5 [8(0 — @) + 8(e + o)1 + PR
14 sin wot u(F) % 1800 — wo) — 8@+ @o)] + —2
in wot u 2 w — o R R R
15 e~ sin wot u(t) ——&—-—2— a>0
(@ + jw)* + wg
—at __aW 4]
1§ e % cos wot u(t) . Gt joR+ ot a>
17 rect (i) T sinc (-aﬁ)
T 2
W . w
18 - sinc (Wt) rect (Eﬁ)
? T sinc? (i”i)
19 A (r) 2 s 4
Wi ()
S———— i 2 ————— ———
20 2 e ( 2 ) A (ZW)
oo ‘ oo
2n
Z 8(t —nT) Wy Z 8(w — nwg) aJQ=—i::
n=—00 Nl
22 e~ o2me et




| ‘Table 2 Fourier Transform Operations

'éﬁeration x(t) X(w)
Scalar multiplication kx (1) kX ()
“Addition x1(£) + xa (1) X1 (@) + X2(w)
Conjugation x*(t) X*(—w)
Duélity X() 2 x (—w)
Scaling (a real) x(at) 1y ( f‘-’-)
: lal \a
Time shifting x(t — tg) X(w)e i=n |
Frequency shifting (wo real) x(t)e /w0t X {w — wyp)
Time convolution x1(1) xx2(8) Xi(w) X1 () |
Frequency convolution x1t)x:(6) %;X i () * Xo{w)
Time differentiation i‘t: (Jo)" X (w)
t .
Time integration j x(u)du X(@)
~00

— + 7 X0} (w)
jw




: DISCRETE-TIME FOURIER TRANSFORM
_A. Properties of the discrete-time Fourier transform

Non-periodic signal Fourier transform

zln] = 51; f2 X (™)™ dw X(e/v) & i anje=ivn

z(n ' . X(e™) | Periodic g'ifh

y{n} Y(e/) | period 2r
az(n] + by[n] aX(e™) + bY ()
zln — gl e I X (&)
ewongn) X (gftw—wo)y
z*[n] X*(ef-))
z[—n) X (e~
sl = { “7 T ok mipleaym X))
z[n] * y[n] X(e™)Y (&™)

1 . .
z[n]y[n] 5 j) WX ()Y (e7“~9))dp
z[n] — z[n — 1] (1—e¥) X(e?)
n 1 " 00
kzz_::[k] ——-X(e) + wX(O)kg;oorS(w — 21k)
| nx[n} 9 x (e?)
T

If z[n] is real valued then
X (/) = X*(ed-9))
R{X(e7)} = R{X (e (‘_“’));
z[n) - (X (e7)} = ~G{X (e-¥))}
iX(e"“’)] = IX(EJ("“’))} '
arg{X ()} = — arg{X (¢/-+))}

zeln] = E{z[n]} R{X ()}
z.[n| = O{z[n|} 7{X (™)}
Parse'gg,ls relation for non-periodic signals
> lelnlft = 5- [ 1x(R) P




e B Discrete-time Fourier transform table

-~ X(e)

zin)
d[n] 1
8[n — no] ¢gwno
— pY g 2k
ZJ(n-—kN? 5 2 6(&;—W>
k=—00 k=—00
oG
1 27 Z § (w — 27k)
k=00
o0
glwent 2m Z 0 (w — wo — 27k)
k=00
o<
COS Won ™ Z [6(w — wo — 27k) + 6(w + w, — 27k)]
k=~00
T i
sinwyn - Z [6(w — wo ~ 27k) — §(w + w, — 27k))]
J k=00
1 o <]
u[n] e Z O(w — 27k)
k=—00
a u(n), la[ < m
(n+1)a™uln], || <1 —-1—2-
(1 - ae—iw)
(n+m-1)! 1
Al(m - ¢ unh el <1 0= aedo)™
1 1
Inl
1-a2® > laf <1 1+ a® — 2acosw
1! lnl S Nl 00
N 2k
o | E ()
period N k=~00
1, |ﬂ‘ <M sinw (M + 3)
0, |n|>N; sin
smWn W . Wn 1, w<Ww
™, R e 0, W<lw<n
0<W«xmn period 2




Table of Z-Transforms

| o Region of
Ling No, a(n), n=0 z-Transform X{z) Convergence

1 ) };xta)f"
2 ) | 1 =] > 0

3 ad — Il > 1

-4
4 i) o, | > 1
(o) “-{—z—-—;‘_"‘l;} > 1

6 ) =z Il > fel

7 €un) A G -z p— El>e™

2 mun) -——?“" 2] > laf

¢ zsin (4)

9 snan) T oty el > 1

10 cos{anju(s) = i";@‘:(g’i - Izl > 1
. [asin (B2 ,

1n o sinv (b ue(n) . - Quoos(b}]: ta? 2l > lal
12 o cos(brldn) zz_"ga';;?égﬁ — ) > lal
B emsin(ms) e UL
B oot (briwla) Az — £ 7 cos (Bl) k> ¢

=~ Deocos(B)jz + 624
Properties of Z-Transforms

Linearity: ax,[k]+ bx,[k] & aX,(z)+bX,(2)
Time Reversal: x[-k] < X(1/2)

z2X(z)

z-1

Initial Value: x[0]= iig)( (2)

Final Value: x[wo]= 1}_1}11(2 -DX(2)
Convolution: x[k]*k[k] < X(2)H(z) |
Differencing: x[k]-x[k~1] & (1-27)X(2)

k
Summation: )’ x{n] <

Differentiation: —ki{k] < z-i-)f(z)
Time Shifting: x[n—n,]¢> z7*X(2),n, 20
-1
x[n+n,] 2™ [X (2) -—tx[m]z“’"),n, 20
m={)

8



