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INSTRUCTIONS TO CANDIDATES

1. There are FIVE questions in this paper. Answer any FOUR questions.
3. Each question carries 25 marks.

4. Show all your steps clearly in any calculations/work

5. Start each new question on a fresh page.

6. Useful Fourier and Laplace transform properties are attached.

7. Make sure that this exam contains § pages including this one.
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QUESTION ONE (25 marks)

(a) (i) (3 pts) Sketch the odd component of the signal shown in Fig. 1. Show your work!
x{:} A

L\

Fig. 1
(i) (5 pts) Calculate the energy of the signal x(t) given above.
(b) (8pts) Define the following terms.
1) Linear system
(1)  Causal system
(iti)  Dynamic system
(iv)  Time-invariant system
() (9 pts) Fill in the following table (for each column, give a “yes/no” answer and

briefly justify it):

System Linear | Time-invariant | Causal

y(n) = 3x(n+ Dun) —x(n)

y(t) = 2x(t)cos(t)

t+1

y(t) =f x(t)dt
t

QUESTION TWO (25 marks)

(a) (20 pts.) Consider the following circuit (fig. 2):

Fig. 2
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Write down the input-output differential equation for this circuit in terms of the input
voltage x(t) and the output voltage y(t).

(b) (5 pts) Consider a discrete-time system which has input of signal x(n) and output of

y(n) = cos (z—x(n)). Evaluate and draw the impulse response of the above system.

QUESTION THREE (25 marks)

(a) A signal x(t) is passed through an LTI system with impulse response h(t) where

5O =5 otherwise © T PO {0 oohernise

1) (15 pts) Find expressions for the output signal y(t). The signal y(t) may be
divided into clearly defined time intervals.

(ii) (3 pts) Roughly sketch y(¢).

(b) (7 pts) The periodic discrete-time signal x[n] has period 4. |

1 forn=1
x(n) =4{—1 forn=3
0 forn=20,2

Find the Fourier series coefficients and sketch their magnitudes.

QUESTION FOUR (25 marks)

(a) (3+4+5 pts) Find the Laplace transform (LT) of the following continuous-time
signals.
(1) t2
(i)  sin(2t) cos(2t)
(iii) te”?* cos(2t)

(b) (5+8 pts) Find the inverse Laplace transform of

. _ 3s+45
M FG) =30

.. e 38
i FO) =
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QUESTION FIVE (25 marks)

(a) (10 pts) Consider a continuous-time LTI system which has impulse response of

(1 0<t<1
h(t) = {O otherwise
system.

. The input of x(t) = Y., 8(t —4k) is applied to this
) Find the output.
(i)  Draw both input x(t) and output y(t).

(b) (15 pts) Consider the signal x (t) with Fourier transform

{1, for|w| < 20m
X(w) = {O, otherwise’

For the following signals, find a mathematical expression for the Fourier transform
and plot its magnitude.

o) y(t) = 2x(t)cos(15mt)

(ii) z(t) = x(t — 100)

(i) q(t) = x(=3)



TABLE ¢ Fouriér Transforms

No. x(f) X(w)
1 e~ u(r) 1 a>0
’ ‘ a+ jo
2 e*u(—1) »—L—— a>0
a— jw
2a
~ajt}
3 e o +m2 a>0
1
4 ety (s o]
te~* u () @t jor a>0
5 e~y () ———-—E—Imv— a>0
@+ jwyt
6 8(2) i
7 1 218 {w)
8 eloot 2é(w — wp)
9 cos wyf (8w — wp) + 8(w + )]
10 sin wot jnls(w + wp) — 8(w — wp)]
1
11 u(t) né(w) + };‘;
2
12 sgn? }-—;
.4 Jw
13 cos wol u(t) 5 [6(0 — wo) + 8w + )] + —5——
2 wy — w
14 sin wot u(t) ”[3@ )~ 8w+ }]+-[ =
in wo X o AR S
15 e~ sin wot u(z) . B— a>0
(@+ jw) +ej
a+ jo
16 o tu(t) . ——
- Tesen . e v “>0
17 rect (i) T sinc (ﬁ{)
T 2
W w
. L ()
- sinc (Wi) rect W
t T, , (o7
19 A (r) ) sinc ( y )
W . Wt ]
0 gpme (“’2’“) 4 (5w)
21 i 8{t — nT) y i 8{w — nwy) gy = ~2£
) n=m—co n=—00 ' r
22 gt oy 2me— e




Table 2 Fourier Transform Operations

X{(w)

Operation x (1)
Scalar multiplication kx(1) kX {(w)
Addition X (1) + x2() X (@) + Xa{w)
Conjugation x™(t) X' (~w)
Duality X() 2nx(—w)
Scaling (a real) x(at) -—1--X ( —G—L}-)

lal  \a
Time shifting x(t — ty) X (w)e /w0
Frequency shifting (w, real) x(t)elov X (e — ay)
Time convolution x1(1) % x2(2)

Frequency convolution

Time differentiation

Time integration

x (8)x2()
a’x
dt”

/ x(u)du

X (w) X ()

1
E};Xl(‘-”) * X {w)

(jo)' X (w)

X(w)
— + 7 X{0)§(w)
Jjw




Table of Laplace Transforms

S0

'delta functmn 6(t) Ea o

fslnfted delta functaon col {t - a) <::.£::> e

it step ut) e i

framp tu(t) et ;1; |

épambola 7 Pult) PR ;23- '

et power . " e

ex;)onentlaldec&}‘ | e~ | 4—“—1::—? ;_%_;

tWD—Bided EX})ODEHtiﬁl decay N e”“m ¢=£-‘:> . F%Y

T - c T

: tﬂ at . (!“f‘la)ﬂ

S e e

xponential spproach . e e gy

gme sin (wt) IO ;2-%-“? :

thomne L cos (wt) P2 ;y‘g;ﬂ' /

=ihypetbohc sme sinh (wt) <::§.:-$ ;y:_"i;y v

1{hyperbohc cosme -cosh (wt) PRI T

,f:exponentxally decaymg sxne ) e%sin (Qt) PRI W

;expouentlally decaymg cosme : €~ cos (wt) PN »‘{*;}’_‘;:g;};;g :

,:frequency dxﬂ‘erent:atxon , ) = -F (s)

j‘frequeucy wm differentintion rHYy e (=) EmE)

"dxﬁe;entmt:on L fiit)= "f(t N sF{s) — f(O) o
time 2nd differentistion. f"(t) ;E, A = ()= 5(0)- £'(0) |
;mne mh daﬂ'erentzatwu f(")(t)-. A1) ‘c-ﬁw-» 8" (s) )= 1f(0) ~... F=10)
hme mtegmnon fo r)dr (ue£)L) =y %F(s). : o

‘z-ﬁ-equency mtegratmn : f(t) N PN L7 Fu)du ‘

%:;time uwerse ’ i) PN Ef-.').:f._l

jﬁvtxme dlfferentlat)on ) == F (‘) £l 4 :ﬁ@ + ;;@ +..4 20 it
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Properties of Laplace Transforms

i)

vii)

viii)

Time-shift (delay):  f(t~1,) <> F(s)e™, 1,>0
Time differentiation: —4%9- Ly 5F(s)~ f(0)

Time integration: I f(Odt <+ £s)
5
4]

Linearity: af () +bg(ty 2> aF(s)+bF(s)

Convolution Integral: x(f) * h(t) <2 X (s)H (s)

Frequency-shift: e f(H) Lt F(s—a)
Multiplying by t: £/ (6) e——’%ﬂﬁg@
s
Scaling: flanist F(:"-), a>0
a \a

Initial Value Theorem: lim{sF(s)} = f(0)

* Final Value Theorem: lirrnx{sF ()} = f()
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