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P331 Electromagnetic Theory I 

Question one 

A V"'- tube capacitor is extended very long into z direction with its cross section as shown below: 

• 

1------' 

,41.- ~ .:;; XT
~ 

The electric potential f(p ,fjJ) in cylindrical coordinates for the region between two conductors, 

i.e., 0::;; p ::;; a 	 & 0::;; fjJ ::;;: ' satisfies the following two dimensional Laplace equation: 

8[ 8 
2 

f(P,fjJ)] 
p p 8p + 8 f(p,fjJ) =0 

8 p 8fjJ2 

(a) 	 (i) Set f(p,fjJ) = F(p) G(fjJ) and use separation of variables to deduce the 
following two ordinary differential equations : 

d(P d:~)] 
p 	 =-k F(p) (1)

dp
2 

d G(fjJ) = k G(fjJ) (2) 
d fjJ2 

where 	 k is a separation constant. ( 4 marks ) 
(ii) 	 Based on eq.(2), i.e., differential equation for fjJ ,explain why the eigenvalues for 

k are k = - m2 where , , , (3 marks )m = 1 2 3 ...... 

(iii) 	 By direct substitution, show that pm & p - m are the two independent solution to 

eq.(l) with k = m2 
• ( 3 marks ) 
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Question one (continued) 

(b) The general solution for (a)(i) is 

m=1 

f (Am 	 pm + Bm p-m )(Cmcos(mtP) + Dm sin(mtP)) ...... (3) 
m=l 

where 	 Am , B m , Cm & D m are arbitrary constants. This general solution is • 
subjected to the following four boundary conditions: 

BC(1) Im(O,tP)=O 'V o'5,tP '5, 1! 
4 

BC(2) 1m (p ,0) =0 'V 0 '5, P '5, a 

BC(3) 

1!BC(4) I(a ,tP) = Vo 'V 0'5, tP '5, 
4 

(i) 	 Apply BC(1) and deduce from eq.(3) that 

l(p,tP) = f(Am pm )(Cmcos(mtP) + Dm sin(mtP)) ...... (4) (2 marks) 
m 1 

(ii) 	 Apply BC(2) and deduce from eq.(4) that 

l(p,tP) = f(Am pm )(Dm sin(mtP)) name (Am DJ as Em 

(2 marks) 

=f(Em pm sin(mtP)) ...... (5) 
m 1 

(iii) 	 Apply BC(3) and deduce from eq.(5) that 

l(p,tP) =f(Fn p4n sin(4ntP)) ...... (6) 
(3 marks)II 1 

where 	 Fn E4n & n = 1,2,3,.····· 

(iv) 	 Apply BC(4) and find the values of Fn in terms of Vo , a & n and show that 

Fn = 2 Va (1- c~~(nJr)) n = 1,2,3,. ..... (8 marks)
nJra 

1f' {O if n:t:m 
(Hint: 	 14 sin{4 n"') sin{4 m"') d tP = Jr if )

,=0 'f' 'f' - l n =m 
8 
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Question two 

(a) 	 A very long thin conducting wire situated along z-axis and carries a static current I A 
along + z direction. 

(i) Set jj = e" B" (P) Gustify this briefly), use Ampere's Law (choose and draw 

appropriate closed loop) to deduce that the magnetic field at a field point outside 
the given thin conducting wire is 

jj =e I. . . . . . (I) where p is the distance from z-axis and 
;2np 

e" is one of the unit vectors in cylindrical coordinate system. (1+1+4 marks) 

(ii) 	 Given a vector potential A~ e, ( - ~': In(P)} evaluate Vx A and show that it 

yields the same result as the right hand side expression ofeq.( l), i.e., the given 
vector potential can be a correct vector potential for this problem. (5 marks ) 

(b) 	 Two very long thin conducting wires parallel to z-axis and lying on the y =0 plane, i.e, 
x - z plane ,one situated at x = - b and carries a static current I A along - z direction 
and the other situated at x + b and carries a static current I A along + z direction as 
shown in the Figure.l ( on y = 0 plane) and Figure.2 ( on z = constant plane) below . 

.~ 

If' 

rI 
h I 	 h 

--~--~---+--.~X· 
Oi -I 

I 

I 

FIJ.I ~~o~ HJ,"2- J
I 

-= CwIOt. fk 
(i) 	 Utilize the result in (a)(ii) , apply the superposition principle to deduce that the 

vector potential at point P: (x, y , z) due to the two parallel conducting wires is 

A{x y z)=e flo I In({X+bY + y2J ...... (2) 	 (5 marks) 
" z 4 7r (x by + y2 

(ii) 	 Use jj = Vx A and A from eq.(2) ,and find the magnetic field jj at point 

P: (x ,y,z) and show that 
2 + b2jj _ _ _ flo I (2 b x y) _ _ flo I b (/ - x ) 

- ex 7r((X+bY+y2)((x-bY+y2) e
y 7r((X+bY+y2)((x-bY+y2) 

(9 marks) 

4 



Question three 

(a) 	 In a conductive region, based on Drude's model the force on a conduction electron by E 

is - e E . The retardation force by the ion lattice of the conductor is 
tc 

Therefore the equation of motion for an average conduction electron in the conductor is 

me d 	 =-eE- me Vd •••••• (1) . 
dt Tc 

(i) What are vd' and Tc in the above equation? 	 (2 marks) 

(ii) The current density in the metal can be expressed as J =Pv Vd - n e Vd • 

(A) 	 What does n represent in the above expression. ( 1 mark) 
(B) 	 Substitute the above expression into eq.(I) and deduce that 

dJ J- n e 
2 

T c d t 	+ = E . . .. .. (2) ( 3 marks ) 
me 

(C) 	 Use the point form of Ohm's law J =, a it and deduce from eq.(2) that the 

d.c. conductivity of the pure metal a d.c. IS 

2 

a 
d 

.
c
. = 	ne Tc •••••• (3) (1 mark) 

(D) 	 If E is assumed sinusoidal with angular frequency m, i.e., E & J 
iOJ iOJin eq.(2) can be replaced by Ee / & J e / respectively, deduce that 

A 

aa.c. =----"- ...... (4) . 	 (4 mark) 
me + i me (j)Tc 

(Hint: 	J 0-a.c. E & 0-a.c. =10-a.c.1 ) 

(iii) 	 If a certain pure metal having an atomic density of 5.8 x 1028 atom/m3 at room 

temperature and two outer orbit electrons available for conduction, find the value of 

Tc if its measured d.c. conductivity is a =3.6 x 107 _1_. (4 marks)
mQ 

(b) 	 An interface separating two isotropic materials bave permeabilities iii & li2' 

Bl & B2 are the magnetic fields at points on either side of the interface infinitely close 

to each other and & are their respective angles made with the normal as shown 81 82 


in the diagram below. 
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Question three (continued) 

I!. 

(i) 	 Use integral magnetic Gauss law, choose and draw a proper Gaussian closed 
surface (pillbox in shape across the interface) to deduce that the normal component 

of B is continuous at the interface, i.e., BI n = B2 n • ( 1+4 marks ) 

(ii) 	 Together with the tangential component of if is continuous at the interface, i.e., 

H II =H 21 , deduce the following refraction relation for B as 

• 

7lt;ymJj 
J i<er I fJ-t1) 

1 

-

(5 marks) 
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Question four 

(a) 	 Starting with the following time harmonic Maxwell's equations for a material region 
represented by parameters of f.1 , & & a as 

\7. E{r} =0 (1) 

\7. H{r} =0 (2) 

\7 x E{r} = - i w f.1 H{-r} (3) 

\7 x H{r} ={a + i w &} E{r} (4)
• 	 - 

and further assuming that Elf} & H{r} are functions of z only, i.e., 


E{r)= ax Ex{z} + ay Ey{z} + az Ez{z} (5) 


H{-r} =ax Hx{z}+ ay Hy{z} + az Hz{z} (6) 


deduce that 

(i) 	 Ez{z}=O=Hz{z}. (2 marks) 

(b) 	 An unifonn plane wave travelling along + z direction with the field components of 
i60(Ex ,Hy) has a complex electric field amplitude of 100 e Vim and propagates at f! 

f =106 Hz in a material region having the parameters of f.1 =f.1o , & 9 &0 & 

a
-=1. 
w& 

(i) 	 Find the values of the propagation constant r {= a + i p} and the intrinsic wave 

impedance ij for this wave . ( 4 marks ) 
(ii) 	 Express the electric and magnetic fields in both their complex and real-time fonns, 

with the numerical values of (b )(i) inserted. ( 4 marks ) 

(iii) 	 Use the real time expression of E & it ofthe given travelling wave to evaluate 

the poynting vector P (= Ex it) of the wave. (2 marks) 
(iv) 	 Find the values of the penetration depth, wave length and phase velocity of the 

given wave. Also find the index of refraction of the given material at this given 
propagation frequency. ( 4 marks) 

d 2 EAz}
(ii) where 

dz 2 
(9 marks) 
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Question five 

, & are the respective origins for region 1 ,2 & 3 chosen at the first and second 01 O2 03 

interface. 

(a) 	 Define for the ith region (i =1,2,3) the reflection coefficient fj(z) and the total wave 

impedance 2j (z) and deduce the following: 

A ( ) _ 	 A 1+ fj (Z)

Zj Z 17j )
-

l-r
A ( 

Z 	 (5 + 4 marks) 
{ ·th .fj(Z') = fj(z) e2'Yi (z'-z) where z' & Z are two positions in 1 regIOn 

(b) 	 If /=10 5 Hz & d2 = ~ , region 1 & 3 are air regions and region 2 is a lossless 
4 

region with parameters 

(i) 	 find the values of /31 , /32 , /33 , A2 & ih, (note: iII = ih = 120 7r Q 

and = = 0) ( 4 marks )a l = a 2 a 3 

(ii) 	 starting with f3 (z) =0 for region 3 , and using continuous 2 at the interface as 

well as the equations in ( a) , find the values of 

23(0) , 22(0) , f2(0) , f2(-10 em) , 22(-10 em) , 21(0) & fl(o) 
(10 marks) 

(iii) find the value of E~ 1 if given E; 1 =100 ei 50° Vim. (2 marks) 
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Useful informations 
e=1.6xlO- 19 C 

me =9.1 x 10- 31 kg 

Po = 4 1i x 10- 7 H 
m 

So = 8.85 X 10- 12 F 
m 

r=a+i{3 where 

mJIJE 
a= 

..fi rw 
mJIJE

{3= rw+,..fi 

. 1 )-l( (J"I-tan 
e 2 WE 

170 = 120 1i n = 377 n 

Po = OJ ~Po 8 0 


#s EedS=: HJv Pv dv 


#s BedssO 


{ Eedf = - :t (Hs Bed s) 

. { Bed f =P Hs Jed s + P 8 :t (Hs Eed S ) 
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v. E= Pv 
& 

V.B=O 

- - aB
VxE=-

at 

- - - aEVxB=pJ+p&
at 


]=O'E
• 
#s F. d s == 111 (v. F) d v divergence theorem 

{ F. dT == JJs (V xF). ds Stokes'theorem 


V.(VxF)==O 

Vx (V I) 0 


Vx (V x F) V(V. F)- V2 F 
t71 - - al - al _ al _ 1 al _al 
v e +e -+e -=e -+e -+ex a x Yay z a z pap 1/1 p afjJ Z a z 

_ 1 al _ 1 al 
= +e --+e ar 0 r ae 1/1 r sin(e) afjJ 

- - a(FJ a(Fy) a(FJ 1 a(Fp p) 1 a(F;) a(FJV.F=--+--+--= +--~+-~ 
ax ay az p ap p afjJ az 

= 1 a{Fr r2) + 1 a(Fo sin(e)) + 1 a(F;) 
r2 ar r sin(e) ae r sin(e) afjJ 

Vx F =e (a(Fz ) _ a(Fy )) + e (a(FJ _ a(FJ] + e (a(Fy)_ a(FJ) 
x ay az y az ax ax ayZ 

= (a(FJ _ a(FI/l p))+e (a(Fp)_ a(FJ) + ez (a(FI/l p) _ a(Fp)) 
p afjJ az 1/1 az ap p ap afjJ 

= er r sin(e)) _ a(Fo r)) + eo (a(Fr ) _ a(FI/l r sin(e))) + (a(For) _ a(F,)' 
r2 sin(e) ae afjJ r sin(e) afjJ ar r ar ae ) 

where F = ex Fx + ey Fy + ez Fz = ep Fp + el/l FI/I + ez Fz = er Fr + eo Fo + el/l FI/I and 

dT =exdx+eydy+ez dz=epdp+el/l pdfjJ+ dz=er dr+eorde+e; rsin(e)dfjJ 
2 2 2 2 2 

V2 1= a 1 + a + a =!~(p al)+_1 a 1 + a 1 
ax2 a a pap ap p2 afjJ2 az2 

=_1 ~(r2 a/J+ 1 ~(Sin(e)a/)+ 1 a
2 
1

r2 ar ar r2 sin(e) ae ae r2 sin2(e) afjJ2 
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