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OUESTION ONE. 	 [7+ 1O+6+2marks] 

Suppose we have three variables in each of the 3 groups with equal sample sizes of 3. 
Consider the followings: 

-2.67 

x= 5 8 6 , X = 6.67 9.8 , = -2.67 5.33 -4.00 
0.00[4 9 5] [5.33J S2 [45J C-1 
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62 & T = 78 10 
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where x is the matrix of means, the first row represents the means of the three variables in 
group A, etc.; X is the vector of means of the three variables; S2 is the vector. of variances of 
the three variables; C-I is the inverse of the pooled covariance matrix of group Band C; B is 
the between groups sum of squire matrix and T is the total sum of squire matrix. 

1.1 	 Perform Hotellings' T2 test considering groups Band C. 
1.2 	 Compute Wilk's A statistic and «p. Use F and X2 approximation to test the equality of 

population mean vectors. 
1.3 	 Perform the one-way analysis of variance procedure to test the equality of variable 

means for each of those three variables. 
1.4 	 Comment on the results found in part (1.4) and (1.5). 

OUESTION TWO. 	 [4+4+7+4+6marks] 

2.1 	 Discuss the importance ofPrincipal Component Analysis in multivariate studies. 
2.2 	 Explain the different steps ofthe principal component analysis procedure. 
2.3 	 List the important properties of Principal Component Analysis. 
2.4 	 The following table shows the eigenvalues and corresponding eigenvectors of 

covariance matrix: 

Component Eigenvalue 
Eigenvectors 

Xl I X2 I X3 I ~ I X5 I X6 
1 2.124 0.114 0.902 0.060 - 0.246 - 0.332 - 0.010 
2 1.857 - 0.059 0.912 0.036 0.232 0.331 0.022 
3 1.063 0.763 - 0.063 0:349 - 0.489 0.228 0.009 
4 0.591 0.958 - 0.006 - 0.241 0.003 -0.023 0.114 
5 0.293 0.973 0.035 0.043 0.147 0.009 -0.165 
6 0.072 0.752 -0.079 0.533 0.341 -0.141 0.060 

a. 	 How many components do you have? How many components will you choose? Explain 
why. 

b. 	 List those selected components and interpret those in terms of original variables, X/. 



Page 2 

QUESTION THREE. [ 1 + 3 + 2 + 1 + 4 + 3 + 2 + 9 marks] 

The following tables are part of the complete output running SPSS for a set of multivariate 
variables. Tables 1-4 are obtained running Factor Analysis and Tables 5-7 are obtained running 
Discriminant Function Analysis: 

Table 1: Table 2: 

Total Variance Explained Component Matrix • 

Component Initial Eigenvalues 
% of Cumulative 

Total Variance % 

1 1.299 32.466 32.466 

2 1.236 30.889 63.355 

3 .802 20.059 83.414 

4 .663 16.586 100.000 

Component 

1 2 3 

x1 -.370 .654 .642 

x2 .738 .379 -.142 

x3 .785 -.055 .439 

x4 .006 .813 -.421 

Extraction Method: Principal Component Analysis. 

a. 3 components extracted. 

Table 3: Table 4: 

Component Score Coefficient Matrix Rotated Component Matrix • 

Component 

1 2 3 

x1 -.044 .116 .981 

x2 .675 .482 -.145 

x3 .880 -.197 .017 

x4 -.057 .900 .155 

Component 

1 2 3 

x1 .078 -.065 .996 

x2 .497 .422 -.153 

x3 .752 -.273 .166 

x4 -.112 .834 -.010 

Extraction Method: Principal Component Analysis. 
Extraction Method: Principal Component Analysis. 

Rotation Method: Varimax with Kaiser Normalization. 
Rotation Method: Varimax with Kaiser Normalization. 

a. Rotation converged in 5 iterations. 

Table 5: 

Wilks' Lambda 

Test of 

Function(s) Wilks' Lambda Chi-square df Sig. 

1 through 3 

2 through 3 

3 

.725 

.960 

.990 

34.426 

4.364 

1.034 

12 

6 

2 

.001 

.627 

.596 
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Table 6: 

Standardized Canonical Discriminant Function Coefficients 

Function 

1 2 3 

x1 .589 .361 .658 

x2 -.060 .758 -.559 

x3 -.731 -.227 .440 

x4 .305 -.829 -.399 

Table 7: 

Canonical Discriminant Function Coefficients 

Function 

1 2 3 

x1 .133 .081 .148 

x2 -.012 .154 -.114 

x3 -.154 -.048 .092 

x4 .101 -.275 -.132 

(Constant) -6.357 -12.767 -6.944 

Unstandardized coefficients 

. 
3.1 	 How many variables do you have in the data set? 
3.2 	 How many principal components can you obtain from this data set? How many 

principal components will you choose? Explain. 
3.3 	 How many factors will you choose? Explain. 
3.4 	 How many factors were chosen in Table 2? 
3.5 	 List all the equations of your chosen model and compute their communalities. 
3.6 	 List all equations needed to compute factor scores based on the number of factors 

chosen in part 3.3. 
3.7 	 Is it possible to say how many groups and variables were considered in discriminant 

function analysis (Tables 5-7)? Ifpossible write the number of variables and the 
number of groups; either exact number or the range ofnumbers. 

3.8 	 Write all the discriminant functions and test whether each of those is significant at 5% 
level of significance. 
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QUESTION FOUR. 	 [ 6 + 3 + 10 + 6 marks ] 

4.1 	 Explain why we use factor analysis in analysing data with many variables. 
4.2 	 List the three stages ofthe factor analysis procedure. 
4.3 	 Compare the differences between principal component analysis and factor analysis with 

respect to their properties. 
4.4 	 Write the unrotated factor model along with the respective communalities using the 

following table which shows the eigenvalues and corresponding eigenvectors of 
correlation matrix: 

Component Eigenvalue 
Eigenvectors 

XI I X2 I X3 I ~ I Xs 

1 2.616 0.452 0.462 0,451 0.471 0.398 
2 1.532 0.051 0.300 0.325 0.185 -D.377 
3 0.386 0.691 0.341 -D.455 .,..(),411 -D.179 
4 0.302 -0.420 0.548 -D.606 0.388 0.069 
5 0.165 0.374 -D.530 -D.343 0.652 -D. 192 

QUESTION FIVE. 	 [4+3 + 1 +3 +4 +10 marks] 

5.1 	 Define Discriminant Function. Explain the role of these functions in separating group 
characteristics. 

5.2 	 Explain the method how we can obtain canonical discriminant functions. 
5.3 	 Describe the Wilks' Lambda test to find significant discriminant functions. 
5.4 	 The following table shows the eigenvalues and corresponding eigenvectors OfWIB: 

Component Eigenvalue 
Eigenvectors 

Xl I 
X2' 

I X3 I 
X4 

1 0.437 -0.0107 0.0040 0.0119 -0.0068 
2 0.035 0.0031 0.0168 -0.0046 -0.0022 
3 0.015 -0.0068 0.0010 0.0000 0.0247 
4 0.002 0.0126 -0.0001 0.0112 0.0054 

a. 	 How many groups and variables were considered in this problem? 
b. 	 List all the canonical discriminant functions. 
c. 	 Assuming that the ith sample size, nj = 20 for all i; test whether each of these functions 

varies significantly from group to group. 
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TABLE A.l Percentiles of the t Distribution 

Entry Is teA; 11) where P{t (1') :S teA; JI» - A 

teA; p) 

It 

1/ .60 .10 .80 .&5 .'Xl 

I 0.315 0.721 1.316 1.963 1.018 
2 0.289 0.611 1.061 1.386 1.B86 
3 0.217 0.584 0.978 1.250 1.631 
4 0.211 0.369 0,941 1.1'Xl 1.$33 
.1 0.261 0 • .1.19 0.920 1.1.56 1.476 

Ii D.2M D .. m 0.906 1.ll4 1.440 
1 0.263 0 • .149 0.896 1.119 I •• " 
8 0.262 0 • .146 0.8S9 1.108 I.l97 
9 0.261 0 • .543 0.883 1.100 l.l83 

10 0.260 0 • .542 0.879 1.093 1.]72 

11 0.260 0 • .540 0.876 l.nS8 I.J63 
12 0.259 0 . .539 0.873 1.083 1.).16 
13 0.259 b • .1]7 0.870 1.019 1.3$0 
14 0.218 0.s17 0.868 1.016 1.34S 
1.5 0.258 0 • .136 0.866 1.014 1.341 

16 O.UI 0 • .53.5 D.S6S 1.011 1.337 
17 0.1$7 0.n4 0.863 1.069 1.333 
II o.m 0.$34 0.861 1.067 l.llO 
19 0.257 O.5ll 0.161 1.066 1.328 
20 0.U7 O.'ll 0.160 1.064 I.J25 

11 0.251 O.'ll 0.U9 1.061 1.3U 
21 0.256 O.l12 0.U8 1.061 I.lli 
2] 0.256 0 • .1]2 O.ISS 1.060 1.319 
24 0.U6 D.S]1 o.ln 1.0'9 1.]11 
2.1 0.2'6 Oolll 0.8.16 1.058 1.116 

26 0.U6 O.lll 0.8$6 1.0'8 1.31$ 
27 D,U6 O.nl 0.13' I.OS7 1.314 
18 0.1'6 0.'30 D.8'S l.O36 1.313 
29 0.256 0.S3O 0.8,54 tOSS 1.311 
3D 0.256 0.l30 0.154 I.OS5 1.310 

40 O.U' 0.529 o.m 1.050 1.303 
60 0.2.54 0.n7 0.11411 1.045 1.296 

\20 0.2.5" 0.526 0.114.5 1.041 1.289 
O.Ul 0 • .124. 0.842 1.006 1.282 

.95 

6.314 
1.!I2Il 
1.353 
2.191 
2.01S 

1.943 
1.89' . 
1.860 
l.a33 
1.111 

1.796 
1.781 
J.171 
1.161 
1.7'3 

1.146 
1.740 
1.134 
1.729 
\.1:U 

1.721 
1.717 
1.714 
1.711 
1.708 

1.706 
1.703 
1.101 
1.600 
1.697 

1.684 
1.671 
1.6.18 
1.64.1 

.915 

11.106 
4.303 
3.181 
2.116 
2.$71 

1.447 
2.365 
1.306 
2.261 
1.228 

2.201 
2.179 
1.160 
1.14$ 
1. III 

1.120 
2.no 
2.101 
2.093 
1.086 

2.080 
1.074 
2.069 
2.064 
2.060 

2.0.56 
2.0n 
2.048 
2.04' 
2.042 

:I.D21 
1.000 
1.980 
1.960 

I 

. ii, 

.. ! 1., 

;;;l~~' 
~)~~ 
.I"il~.' 
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TABLE A.2 (com:lud/ld) Percentiles of the I Distribution 

II 

" .98 .985 .99 .992.5 .99.5 .991' .999' 

I 1.1.895 21.2OS 31.821 41.434 6J.lin 121.322 616.'90 
1 4.849 .1.643 6.96.5 8.071 9.92.5 14.oB9 31.59. 
3 3.482 3.896 4.j41 5.047 S.841 1.41l 12.924 
4 2.999 1.198 3.141 4.088 •• 604 '.'98 B.610 
.1 2.7n l.003 1.365 3.614 4.012 4.771 6.869 
6 2.612 2.829 1.143 3.372 3.707 4.111 S.9S9 
1 2.S17 2.715 1.99B 3.203 iI.499 4.029 .1.408 
8 2.449 2.634- 2.896 3.08' l.ll' 3.833 ~.041 
9 1.J9a 2 • .574 2.821 2.998 1.1.50 1.690 4.711 

10 2.J.59 2 • .h7 2.764 2.9]2 3.169 1.SHI 4.S87 

II 2.32& 2.491 2.718 2.819 3.106 3.497 4.417 
12 2.)0) 2.461 l.681 2.836 J.Oj~ 1.428 •. 118 
Il 1.2112 1.4J6 2.650 2.801 1.012 1.J71 4.121 
14 2.264 2.41~ 2.624 2.771 2.977 3.116 4.140 
15 1.249 2.197 2.602 2.746 . 2.941 3.286 4.011 

16 2.llS 2.1B2 1.'Bl 2.724 2.921 1.2.52 4.0lS 
11 2.214 2.368 2.l67 2.1\16 2.898 3.222 3.965 
18 1.21" 2.1-'6 2.5.S2 2.689 2.878 1.197 1.922 
19 2.1OS 2.346 2 • .139 2.674 1.861 1.174 1.883 
20 2.197 1.n6 2.528 1.661 1.&45 3.151 1.849 

21 1.IB9 2.328 1.51. 2.649 2.1l1 3.IlS 1.1119 
22 2.183. 2.320 2.508 2.639 2.319 3.119 1.192 
23 2.117 2.11] 2.'00 2.629 2.B07 3.104 1.168 
24 2.t72 1.107 2,492 1.620 2.191 1.091 3.74.5 
U 1.167 2.101 2.4BS 2.1112 1.787 1.018 J.72~ 

26 2.161 2.296 10479 2.605 2.779 3.061 J.701 
27 2.153 1.l9I 1.47) U98 1.711 3.057 3.690 
2B 2.154- 1.286 2.461 2.192 2.763 ].041 3.614 
19 l.UO· 2.282 2.462 2.S86 2.7S11 3.038 l.U9 
JO 2.141 2.278 2.4~7 2.581 2.7:50 3.0]0 3.646 

40 2.IU - 2.2S0 2,421 2.'42 2.104 2.~71 :USI 
60 1.099 2.123 2.390 UD4 2.660 2.91j 3.460 

120 2.076 2.196 2.158 2.468 1.617 2.860 un 
2.054 2.110 2.J26 2.4ll 2.576 2.807 3.291 
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TABLE A.4 Percenliles of Ihe F DistributionTABLE A.J Percentiles of the X' Distribution 

Entry is X'(A; v) whcr.s P (x'(II) :S X'(A; II)} =0 A 
Entry is F(A; II.. "') whercP{F(II.. ",):S F,(A; VI. JiJ)} = A 

X'(A; II) IlA .•,.•,1 

If 

A 

.OO~ .010 .023 .030 .100 .900 .9.i0 .911 • 990 .995 

I 0.0' J9J 0.0' I n 0.0'912 0.0' J9] O.OUI 2.11 ].14 3.02 6.6] 1.18 
2 0.0100 0.0201 0.0306 0.10] 0.111 4.61 .5.99 1.]8 9.11 10.60 
3 0.012 O.lll 0.216 0.352 0 • .584 6.23 1.81 9.]1 11.]4 12.84 
4 0.201 0.291 0.484 0.111 1.064 1.18 9.49 11.14 !l.lB 14.86 

l 0.412 0.H4 0.831 1.143 1.61 9.24 11.01 12.8} 15.09 16.15 
6 0.616 0.112 1.14 1.64 2.20 10.64 12..59 1.4.4 16.81 18.H 

1 
8 

0.989 1.24 
1.]4 1.6j 

1.69 2.11 2.83 
l.1B 2.1] 3.49 

12.02 
Il.J/i 

14.01 
".'1 

16.01 
l1.n 

18.48 
10.09 

20.21 
lU/i 

9 1.73 2.09 2.70 ].l3 4.11 14.68 16.92 19.02 21.61 23•.59 

10 2.16 2.j6 3.ll 1.94 4.87 U.99 18.31 2MI 2UI 23.19 

II 2.60 3.0' 3.82 4.31 US 11.28 19.68 21.92 24.11 26.16 
12 ].01 ].n 4.40 1.2] 6.30 18.H 21.0] ll.]4 26.22 28.30 

Il 1.11 4.11 3.0J H9 1.04 19.81 22.36 24.14 21.69 29.12 
14 4.01 4.6/i $.63 6..51 1.19 21.06 2l.68 26.12 29.14 31.32 

I.i 4.60 5.ll 6.26 1.26 8.H 22.]1 15.00 21.49 30.58 ]2.80 

16 3.t4 3.81 6.91 1.96 9.]1 2].34 26.]0 28.83 32.00 34.21 
11 3.10 6.41 1.16 8.61 10.09 24.11 21.59 ]0.19 33.41 n.12 

\8 6.26 1.01 I.ll 9.19 10.86 25.99 lI.11 ]1.3] 34.81 ]1.16 
19 6.84 1.61 8.91 10.12 11.61 21.20 ]0.14 32.U 16.19 ]8.38 

20 1.43 8.26 9.39 10.U 11.44 28.41 31.41 34.11 31.17 40.00 
21 8.03 8.90 10.28 11..59 1l.24 29.62 32.67 31.48 lB.93 41.40 
22 8.64 9.54 10.98 12.34 14.04 30.81 n.92 ]6.18 40.29 42.80 
2] 9.26 10.20 11.69 1l.09 14.85 32.oi 13.11 38.08 41.64 44.18 
24 9.89 10.86 12.40 1].85 U.66 ]].20 36.42 39.]6 42.98 45.56 

23 10..U II.n 1].12 14.61 16.47 34.]8 ]7.6$ 40.65 44.11 46.93 
26 11.16 12.20 11.84 13.18 17.29 lU6 38.89 41.92 43.64 48.29 
21 11.81 12.88 14.51 16.1l lB. II 36.14 40.11 43.19 46.96 49.64 
21 11.46 1l.~6 U.]I 16.9] 18.94 ]7.92 41.34 44.46 41.21 30.99 
29 n.12 14.26 16.03 11.71 19.71 39.09 42.$6 4l.12 49.39 51.34 

]0 n.79 14.93 16.79 18.49 20.60 40.26 43.77 46.98 lO.89 33.67 
40 20.11 22.16 24.43 26.31 29.03 51.81 51.16 59.34 63.69 66.11 
50 21.99 29.11 ]2.]6 ]4.76 ]7.69 61.17 67.30 71.42 76.U 19.49 
60 J5.j] 37.41 40.48 4].19' 46.46 74.40 79.01 8UO 88.31 91.93 

10 3.28 4l.44 48.76 31.14 ll.]l 8U] 90.l] 91.02 100.4 104.2 
80 1.17 n.34 51.1l 60.]9 64.21 96.n 101.9 106.6 112.3 116.3 
90 39.20 61.7$ 65.65 69.11 13.29 107.6 11].1 11B.1 124.1 121.3 

100 67.]] 70.06 74.22 17.93 82.]6 1IB.3 124.3 129.6 IH.I 140.2 

F(.A: .... ·.l - FlI-A: ........ --\)

.~' 
~ 

Saurn: Rcprtnccd. w~b pcnnl"I••• lrom C. M. Thomp.o•• ·'nIII••r P......... Pal.'1 .1 ,he Chl·Squ.", 

DUllibwian." BI_rr!q 11 (1941). pp. 111-19. 
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TABLE A.4 (continulld) Pon::entlles of the F Distribution TABLE A.4 (conlinu/td) Percentiles of Ihe F Dislribulion 

Hum_tardC Nllmorator dC 
Dcn. 
dC A 2 1 4 5 6 7 9 

D .... 
dr ~ 10 12 1.5 20 24 lO 60 120 IX. 

.SO 

.90 

.95 

.975 
.99 
.995 
.999 

1.00 1..10 1.71 1.82 1.89 1.94 1.911 2.00 2.01 
39.9 49,' 53.6 55.8 57.2 S8.2 5U 59.4 39,9 
161 200 216 2.1S 230 214 237 239 241 
648 800 864 900 922 911 948 937 963 

4,051 5,000 5,401 5.625 5,764 3,U9 $,928 $,981 6,022 
16,211 20.000 21,615 22.100 23,056 23,4)7 23,71S 23,925 24,091 

401,280 100,000 J40,180 562.,:f00 j76,400 jlj,940 '92.170 $98.140 602,210 

I ,.sO 
.90 
.9$ 
.915 
.!!!I 
.99$ 
.999 

2.04 2.01 .2.09 
60.2 60.7 61.2 
241 144 246 
969 977 985 

6.056 6.106 fi.ln 
24,224 24.42h 24.630 

60'.610 610.670 61$.160 

2.12 
61.7 
248 
993 

6,209 
24.836 

620.910 

2.D 2.IS 2.17 2.1 ~ 2.20 
62.0 62.3 6Z•• 6].1 6J,l 
2"9 llO 251 Hl 254 
997 1.001 1.010 1.014 1.011 

6,ll' 6,,261 6,]11 6.JJ9 6.166 
24.940 15.044 2.5,253 lS.lS'iI 15.464 

621.500 616,100 6)1,140 6J),910' 636,610 

2 .SO 
.90 
.95 
.975 
.99 
.995 
.999 

0.667 
8.$3 
U.S 
38.1 
98,5 
199 

998.5 

1.00 
9.00 
19.0 
19.0 
99.0 
199 

999.0 

1.1) 
9.16 
19.2 
39.2 
99.2 
199 

999.2 

1.21 
9.24 
19.2 
39.2 
99.2 
199 

999.2 

1.2$ 
9.29 
19.3 
l!l,3 
99.l 
199 • 

999.3 

1.21 
9.11 
19.3 
39.3 
99,3 
199 

!!!I9.] 

1.10 
9.]$ 
19.4 
39.4 
99.4 
199 

999.4 

1.32 
9.ll 
19.4 
39.4 
99.4 
199 

999.4 

I.ll 
9.38 
19.4 
39.4 
99.4 
199 

999.4 

2 .50 
.90 
.95 
.97.1 
.99 
.995 
.999 

1.14 
9.19 
19.4 
J9.4 
99.4 
199 

999.4 

1.16 
9.41 
19.4 
39.4 
99.4 
199 

999.4 

lolH 
9.41 
19.4 
19.4 
99.4 

' 199 
999.4 

1.19 
9.44 
19.4 
19.4 
99.4 
199 

. 999.4 

..40 
9.4.1 
/9.5 
39.' 
99.S 
199 

!!!I9.5 

1.41 
9.46

19.' 
19.5 
99.' 
199 

999.l 

1.41 
9.47 
19." 
39.5 
99.S 
199 

999.3 

1.41 
9.411 
19.5 
19.' 
99.J 
199 

999.' 

1.44 
9.4'1 
19.5 
39.5 
99.S 
100 

999.5 

3 .30 
.90 
.9l 
.97S 
.99 
.995 
.999 

0.,51$ 
5.,54 
/0.1 
17.4 
14.1 
".6 

167.0 

U81 
1.46 
9." 
16.0 
10.8 
49.8 

14B.J 

1.00 • 
5.19 
9.28 

IS." 
29.5 
47.J 

141.,1 

1.06 
.1.l4 
!J.1l 
IJ.I 
28.7 
46.2 

1l7.! 

1.10 
5.ll 
9.01 
14.9 
28.2 
4'-4 

1)4.6 

1.ll 
~.28 
8.94 
14.7 
21.9 
44.8 

1l2.8 

1.15 
Ul 
1.89 
14.6 
27.7 
44.4 

1l1.6. 

~ 1.16
.uS 
US 
14-' 
21.3 
<14.1 

1J0.6 

1.17 
5.24 
Ul 
14.J 
27.3 
41.9 

129.9 

3 .50 
.!ID 
.9S 
.975 
.99 
.9'15 
.999 

1.18
.s.D 
8.19 
14.4 
27.2 
43.1 

129,2 

1.20 
S.22 
1:14 
14.3 
27.1 
41.4 

11U 

1.:11 
$.20 
8.70 
14.1 
16.9 
41.1 

127.4 

1.23 
5.111 
8.66 

' 14.1 
26.7 
42.11 

1l6,4 

1.21 
. '.19 

8.64 
14.1 
16.6 
42.6 

125.9 

1.24 
J.17 
a.til 
14.1 
.16.$ 
42.5 

125.4 

1.1, 
S.1l 
8.57 
14.0 
26.l 
42.1 

124.S 

1.26 
3.14 
I.n 
11.9 
26.2 
41.0 

124.0 

1.27 
S.l3 
UJ 
13.9 
26.1 
41.8 

121.5 

4 .10 
.90 
.95 
.911 
.99 
.993 
.9!!!1 

0.149 
4.54 
7.71 
12.2 
21.2 
11.3 
14.1 

0.828 
4.32 
6.94 
10.6 
18.0 
26.1
61.2 

0.941 
4.19 
6.59 
9.98 
16.7 
24.l 
56.2 

1.00 
4.11 
6.39 
9.60 
16.0 
23.2 
H.4 

1.04 
4.01 
6.26 
9.36 
15.5 
22.5 
51.7 

1.06 
4.01 
6.16 
9.20 
U.2 
22.0 
50.5 

1.08 
1.98 
6.09 
9.01 
U.O 
21.6 
49.7 

1.09 
3.9' 
6.04 
8.98 
14 •• 

. 21.4 
49.0 

1.10 
3.94 
6.00 
8.90 
14.7 
21.1 
48.5 

. .50 
.90 
.95 
.975 
'.99 
.99l 
.999 

1.11 
3.92 
$.96 
U4 
14.J 
21.0 
48.1 

1.1) 
1.90 
$.91 ' 
8.1S' 
14.4 
20.1 
47.4 

1.14 
).97 
H6 
1,6& 
14.2 
20.4 
46.1 

1.1$ 
1.84 
5.10 
8.l11 
14.0 
20.2 
46.1 

1.16 
1.83 
5.77 
8.lI 
11.9 
20.0 
4U 

1.16 
l.81 
US 
8,46 
U.8 
19.9 
4".4 

1.11 
1.79 
j.69 
1.16 
11.7 
19.6 
44.7 

1.18 
1.711 
5.66 
1.31 
11.6 
19.j 
44.4 

1.19 
1.76 
l.61 
8.26 
11.1 
19.J 
44.1 

5 .30 
.90 
.9' 
.97' 
.99 
.995 
.999 

0.528 
4.06 
6.61 
10.0 
\6.1 
22.8 
47.2 

0.799 
1.78 
j.79 
8.43 
11.1 
18.3 
l7.1 

0.907 
l.62 
HI 
7.76 
12.1 
16.3 
31.2 

0.96j 
l.ll 
j.19 
1.39 
11.4 
15.6 
11.1 

1.00 
1.45 
5.05 
7.11 
11.0 
14.9 
2U 

1.02
1.40 
4.93 
6.98 
10.1 
14..5 
2B.8 

1.04 
1.17 
4.88 
6.8.s 
10.J 
14.2 
28.2 

l.OS 
l.14 
4.12 
6.16 
10.1 
14.0 
21.6 

l.06 
l.ll 
4.77 
6.68 
10.2 
11.8 
21.'2 

, .50 
.90 
.95 
.975 
.99 
.995 
.999 

1.01 
1.10 
4.74 
6.62 
10.1 
Il.6 
26.9 

1.09 
3.27 
4.68 
lI.n 
9.89 
13.4 
26.4 

1.10 
3.24 
4.62 
6.43 
9.72 
13.1 
25,9 

1.11 
l.21 
4."6 
6.11 
9.55 
12.9 
25,4 

1.12 
3.19 
4.S1 
6.28 
9.47 
12.1 
25.1 

1.12 
1.11 
4.50 
6.23 
9.38 
12.1 
24.'1 

1.14 
1.14 
4.41 
6.12 
9.20 
12.4 
24.1 

1.14 
1.12 
4.40 
6.07 
9.11 
12.3 
24.1 

I. IS 
1.11 
4.17 
6.02 
9.02 
12.1 
2l.8 

6 .10 
.90 
.9l 
.97' 
.99 
.99S 
.999 

0.5 IS 
l.7I 
5.99 
8.81 
1l.1 
18.6 
lS.5 

0.780 
l.46 
5.14 
1.26 
1D.9 
14.5 
21.0 

0.886 
1.29 
4.76 
6.60 
9.78 
12.9 
2l.7 

0.942 
1.18 
4.S3 
6.21 
.9.1l 
12.0 
21.9 

0,977 
l.1I 
4.39 
'.99 
8.ll 
IIJ 
20.8 

1.00 
J.03 
4.28 
'-12 
8.47 
11.1 
20.0 

1.02 
1.01 
4.21 
".70 
8.26 
10.8 
19.5 

1.03 
2.91 
4.1l 
$.60 
8.10 
10.6 
19.0 

1.04 
2.96 
4.10 
l.12 
7.98 
10.4 
18.7 

6 .50 
...90 

.95 

.'ns 

.99 

.99$ 

.999 

'1.05 
2.94 
4.06 
".46 
7.81 
IU 
18.4 

1.06 
2.90 
4.00

'.31 
7.72 
10.0 
18.0 

1.01 
2.87 
3.94 
.1.27 
7)6 
9.81 
17.6 

1.08 
2.84 
J.87 
$.17 

.~ 7.40 
9.59 
17.1 

1.09 
2.U 
3.B4 
.5.12 
1.31 
9.47 
16.9 

1.10 
2.80 
l.81 
l.O1 
7.2l 
9.16 
16.7 

1.11 
2.76 
3.14 
4.96 
7.06 
9.12 
16.2 

1.12 
2.74 
1.70 
4.90 
6.97 
9.00 
16.0 

1.12 
2.72 
1.67 
4.U 
6.88 
8.88 
"'.7 

7 .'0 
.90 
.91 
.971 
.99 
.99S 
.999 

OJ06 
1.39 
S.59 
8.07 
12.2 
16.2 
29.2 

0.767 
3.26 
4.74 
6.J4 
9.5" 
12.4 
21.7 

0.871 
3.07 
U3 
'-89 
8.4S 
10.9 
18.8 

0.916 
2.96 
4.12 

'.n 
7.85 
10.1 
17.2 

0.960 
2.81 
1.91 
'-29 
7.46 
9.52 
111.2 

0.983 
2.1) 
1.lI7 
S.12 
7.19 
9.16 
15." 

1.00 
2.71 
3.79 
4.99 
6.99 
8.89 
IS.O 

1.01 
2.15 
1.71 
4.90 
6.84 
8.68 
14.6 

1.02 
2.71 
1.611 
4.82 
6.72 
8.51 
14.1 

7 .$0 
.90 
.95 
.91' 
,99 
.99$ 
.999 

1.03 
2.10 
).64 
4.76 
6.62 
8.l1 
14.1 

1.04 
2.67 
l.J7 
4.67 
6.47 
8./8 
n.7 

1.0l 
2.63 
).'1
4.n 
6.31 
7.91 
1).3 

1.07 
2.$9 
3.44 
4.47 
6.16 
1." 
12.9 

1.07 
l.n 
3.41 
4.42 
6.01 
7.&' 
12.7 

1.08 
2.56 
l.l8 
4.16 
'.99 
7.Sl 
I2.S 

1.09 
2.51 
3.m 
4.1' 
5.12 
1.31 
12.1 

1.10 
2,49 
1.21 
4.20 
l.74 
1./9 
11.9 

1.10 
2.47 
1.21 
4.14 
'.6S 
1.08 
11.7 

';'~ I'i 
I"'· ' 

;jl'ii~; ,: 
II]] 

Ji'~lOiI\ 



TABLE A.4 (continulld) Percentiles of the F DistributionTABLE A.4 (conltnuMJ Percentiles or the F Distribution 

Numerator df 
Dc ... 

Numorolor df 
Dcn. , 10 12 Jj 20 24 10 60 120 co
2 1 4 6 1 
 df .1
9
df 4 


1.02 1.01 1.04 LOS 1.06 1.01 1.08 1.08 1.09.'00.499 O.Hl 0.860 0.91$ 0.948 0.911 0.988 1.00 1.018 .SO 
2.'4 2 . .:50 2.46 2.42 2.40 2.18 2.14 2.12 2.29.90 

1.3S 3.28 ].22 3.1S J.12 1.08 1.01 1.97 2.9] 


3.46 l.1I 2.92 2.81 2.11 2.61 2.62 2.S9 2.16.90 

.9SS.ll 4.46 4.07 l.84 1.69 1.SS 1.10 J.44 3.]9.9S 

4.10 4.20 4.10 4.00 1.9$ 3.89 1.18 l.11 l.67.97' 
UI S.61 s.n S.36 US DO l.Ol 4.95 4,86 

Bl 6.06 S.42 J.05 4.82 4.U 4.S1 4.0 4.16!J7S 
.99 


.995 

11.3 8.6' 1.59 1.01 6.63 6.J1 6.18 6.01 !l.91.99 


1.21 1.01 6.81 6.61 6.S0 6.40 6.18 6.06 '.9S 
1l.5 11.1 10.11 10.1 10.l 10.1 9.13 9.'1 9.]] 

.99S14.7 11.0 9.60 8.81 8.lO 1.9' 1.69 1.50 ' 7.J4 

.999
25.4 lB.S 15.8 14.4 IU 12.9 12.4 12,0 11.8.999 


1.01 1.02 1.0] 1.04 LOS I.OS 1.07 1.01 1.089 .SO0.494 0.149 0.8n 0.906 0.919 0.962 0.918 0.990 1.009 .lO 
2.42 2.18 2.14 2.10 2.28 2.25 2.21 2.18 1.16.90
1,]6 J.OI 2.81 2.69 2.61 2.H 2.JI 2.47 2.44.90 

3.14 ].07 1.01 2.94 2.90 2.86 2.19 2.U 2.71.9.1'5.12 4.26 1.86 l.61 lAB 1.11 ].29 1.21 l.18.9S 
1.96 3.81 J.71 1.61 3.61 3 • .16 1.41 1.39 ).11.915 


.99 

1.21 5.11 J.08 4.n 4.48 4.11 4.20 4.10 4.01.975 


l.26 S.I I '4.96 4.81 4.71 4.65 4,48 4.40 4.31 


.995 

.9!J'10,6 8.02 6.99 6.42 6.06 1.80 1.61 .'-41 ,.U 

6.42 6.23 • 6.01 S.U 1.71 .1'.62 5.41 S.lO 5.19 

.999 


.995
1l.6 10.1 8.72 1.96 7.41 7.1l 6.88 6.69 6.34 
9.89 9.51 9.24 8,90 8.72 8.H 8.19 8.00 7.81.999
22.9 1M 11.9 12.6 11.1 11.1 10.7 10.4 10.1 

1.00 1.01 1.02 1.0) 1.04 1.05 1.06 1.06 1.0110 .50
0.490 0.141 0.815 0.899 0.9]2 0.!U4 p.91 I-. 0.98] 0.99210 .SO 
2.32 2.28 2.24 2.20 2.18 2.16 2.11 2.0Q 2.06.90
3.29 2.92 2.73 2.61 2.S2 2.46 '2.41 2.38 2.U.90 

2.98 2.91 2.84 2.77 2.14 2.10 2.61 2.SS 2.34.95
4.96 4.10 1.11 1.48 1.11 1.22 1.14 l.Ol 1.02.95 

J.12 1.62 3.'1 3,42 3.37 1.11 3,20 3.14 1.08.ns6.94 5.46 4.81 4.41 4.24 4.01 1.U' 1.8.5 1.78.971 
 4.as 4,11 4.56 4.41 4.l1 4.25 4.08 4.00 1.91.99 


.995 

10.0 U6 6.jS 5.99 3.64 5.39 s.20 S.06 4.94.99 
 !I.as 5.66 S.47 .1'.27 S.11 5.01 4.86 4.75 4.64 

8.7.1' '8.45 B.I] 7.80 1.64 7.47 7.12 6.94 6.16 
.995
12.8 9.41 '.08 1.34 6.81 6.,.. 6.10 6.12 S.91 
.999
21.0 14.9 12.6 11.1 JU 9.91 !Ul 9.20 8.96.999 


0.989 1.00 1.01 1.02 1.0) 1.01 1.0.1' 1.05 1.0612 .50
0.484 0.11S O.IlS o.B88 0.921 0.943 0.9S9 0.972 0.98112 .'0 
2.1~ 2.11 2.10 2.06 2.04 2.01 \.96 1.91 1.90].18 2.81 1.61 2.48 2.19 2,31 2.28 2.24 2.21 .90
.90 

2.75 2'.69 2.62 2.54 2.JI 2.41 2.18 2.34 1.104.7' 3.89 J.49 1.26 1.11 3.00 2.91 2.85 2.80 .95
.9' 
1.17 1.28 l.18 l.Ol 1.02 2.96 US 2.19 2.72.ns6.S' 5.10 4.47 4.12 1.89 l.11 1.61 1." 1.44.911 

4.10 4.16 4.01 3.86 1.18 1.70 1.54 1.16.99 
 3.4'9.1J 6.93 J.9' S.41 5.06 4.12 4.64 4.50 4.19.99 

.5.09 4.91 4.72 4.S] 4.41 4.13 4.12 4.01 1.90.995
II.B 8.51 1.21 6.,n 6.01 '.16 5.S2 5.15 S.20.99S 
1.29 7.00 6:71 6.40 6.2l 6.09 S.76 5.n 5.42.999
18.6 !l.0 10.8 9.61 8.89 8.l8 8.00 1.11 1.48.999 


D.911 0.989 1.00 1.01 1.02 1.02 1.01 1.04 I.OS0.418 0.726 0.B26 0.878 0.911 o.m 0.949 0.960 0.910 U .~OIS .SO 
2.06 1.Ol 1.97 1.92 1,90 1.81 1.81 1.19 1.16.90
1.01 2.10 2.49 2.16 'l.21 2.21 2.16 1.12 2.09.90 

2.54 2.48 2.40 1.11 2.19 2.25 2.16 . 2.11 2.117,9S4..54 3.68 l.29 1.06 2.90 2.19 2.11 2.64 2.'9.9S 
3.06 2.96 2.86 1.16 2.10 2.64 2.S2 2.46 2.40.97' 


.99 

6.20 4.17 4.1S 1.80 3.5J1 1.41 3.29 ].20 1.11.975 


l.80 1.61 l.SZ l.37 l.29 l.21 3.0' 2.96 2.87 


.99S 

.99
8.68 6.36 .1.42 4.89 4.'6 4.)2 4.14 4.00 3.89 

4.42 4.2.1' 4.01 1.BB 3.79 3.69 3.4' 3.l7 1.26 


.999 

.99'
10.B 1.10 6.48 $.SO 5.31 1.07 4.8S 4.61 4.14 

6.0B 5.81 .1'.54 's.H S.IO 4.95 4.64 4.48 4.JI.999
16.6 11.3 9.34 8.2S 7.S1 1.09 6.74 6.47 6.26 

. 0.966 0.971 0.989 1.00 1.01 1.01 1.02 1.01 LOl20 .50 

.90 


0.472 0.118 0.816 0.868 0.900 0.922 0.938 0.950 0.9S920 .SO 
1.94 1.89 1.84 1.19 1.71 1.74 1.68 1.64 1.61.90
2.97 2..59 2.38 2.2l 2.16 2.09 2.04 2.00 1.96 

.9.1' 2.15 .2.28 2.10 2.12 2.08 2.04 1.95 1.90 1.84.9S 4.35 3.49 1.10 2.87 2.11 2.60 2.SI 2.4S 2.39 
2.11 2.68 '2.l7 2.46 2.41 2.H 2.22 2.16 2.09.915 


.99 

5.81 4.46 3.86 3.51 l.29 l.13 1.01 2.91 2.84.915 


l.ll 3.21 3.09 2.94 2.16 2.18 2.61 2.'2 2,42 


.991 

.99
8.10 S.U 4.94 4.41 4.10 3.87 3.10 J.j6 1.46 

3.15 3.68 1:S0 1.31 l.22 1.12 2.92 2.81 2.69 


.999 


.995
9.94 6.99 S.82 '.17 4.16 4.47 4.26 4.09 1.96 
S.08 4.82 4.S6 4.29 4.15 4.00 l.10 1.54 1.38.999
14.1 9.91 S.IO 1.10 6.46 6.02 5.69 5.44 3.24 

0.961 0.912 0.981 0.994 1.00 1.01 1.02 1.02 l.01 


.90 

24 .50
24 .SO 0.469 0.714 0.812 0.861 0.895 0.911 0.912 0.944 0.9S1 

.90 
 1.88 r.1l 1.18 I.1J 1.10 1.67 1.61 I.ll I.n 
l.2S 1.18 2.11 2.01 1.98 1.94 1.84 1.19 1.11 

2.93 2.54 2.ll 2.19 2.10 2.04 1.98 1.94 1.91 
.9S 


.91S 

4.16 l.4O 1.01 2.18 2.62 2.SI 2.41 2.]6 2.10.9S 

2.64 1.'4 2.44 2.11 2.21 2.21 2.08 2.01 1.94 

.99 


.913
'.12 4.12 1.12 l.ll J.I' 2.99 2.87 2.18 2.10 
J.17 3.0] 2.89 2.14 2.66 2." 2.40 2.11 1.21 
1.S9 3.42 l.2S ].06 2.91 2.81 2.66 2.U 2Al 

.99
1.112 5.61 4.12 4.22 1.90 1.67 1.10 3.16 1.26 

.995
9.SS 6.66 5.S2 4.89 4.49 4.20 1,99 3.83 1.69.99S 
4.64 4.19 4.14 1.87 l.14 3.J9 3.29 3.14. 2.97.999
.999 
 14.0 9.14 1.55 6.l9 5.98 S.H l.ll 4.99 4.80 

JUS 



)i'~lldil A Tabl.... 

TABLE A." (continued) Percentiles of the F Distribution 

Numcl'1Ilor dr 
Ocn. 
d( A 2 1 4 S 6 1 8 9 

10 .50 0.466 0.709 0.801 0.858 0.890 0.912 0.927 0;9J9 0.948
2,88 2,49 2.28 2.14 1.98.90 2.0' 1.93 1.88 US

.9.1 4.Ll ).ll 2.92 2.69 2.51 2.42 2.ll 2.27 ;t.21

.91j j,n 4.18 3 • .19 3.2; 1.0) 2.81 1.75 2.65 2.n

.99 1.S6 S.39 4.024." 1.70 1.47 1,10 J.17 3.01

.995 9.111 6J5 5.24 4.62 4.23 ).95 3.74 1.58 1.4.1
.999 1l.1 8.11 1.05 6.12 S.5J ,5.12 4.82 4.n 4.39 

60 .50 0.461 0.701 0.798 0.8411 0.880 0.901 0.917 0.928 0.911 
.90 2.19 2.39 2.18 2.04 I.9S 1.81 1.82 1.77 1.14 
.95 4.00 ).IS 2.16 2.n 2.l1 2.U 2.17 2.10 2.04 
.915 5.29 ).93 1.J4 J.OI 2.19 2.6J 2.51 2,41 2.J3
,99 7.08 4.98 4.13 3.6S 3.J4 l.12 . 1.91 2.81 2.11 
.995 8.49 S.80 4.7l • 4.14 1.76 3.49 l.29 "l.lJ 3.01
,999 12.0 7.71 6.11 l.ll 4.16 4.37 4.09 J.86 1.69 


110.S0 
 o.4S8 0.697 0.19) 0.844 0.815 0.896 D.912 0.921 0.9ll
.90 2.1S 1.]5 2.1l 1.99 1.90 1.82 1.11 1.72 1.68 
.95 ,1.92 ).07 2.68 2.4S 2.29 2.18 2.09 2.02 1.96 
.915 S.lS 1.80 1.21 2.119 2.67 2.52 2.19 2.10 2.22 
.99 6.8S 4.79 J.9$ 1.48 1.17 1.96 2.79 2.66 2.l6 
.995 8.111 5.54 4.50 1.92 US 3.28 1.09 2.9J 2.81 
.999 11.4 1.ll '-18 4.9S 4,42 4.04 ).71 ].S5 1.U 


<Xl .50 
 0.4U 0.(9) 0.789 0.B19 0.870 0.891 0.901 0.918 0.921 
.90 2.11 2.10 2.08 1.94 I.SS 1.71 1.72 1.61 I.U 
.95 1.84 1.00 2.60 2.]1 2.21 2.10 1.942.01 1.88 
.91$ .s.ol 1.69 1.12 2.79 1.51 2.41 2.29 2.19 2.11 
.99 6.63 4.61 1.78 l.ll ).02 2.80 2.64 2.SI 2.41 
.995 1.88 S.lO 4.28 l.n U5 1.09 2.90 2.74 2.62 
.999 10•• 6.91 5.42 4.62 4.10 3.74 ],47 1.27 ].10 

Appendix A Table. 1131 

TABLE A.4 (concllld~d) Percentiles of rhe F Dislribulion 

Den. 
elf ·1 

NUmel'1llDr df 

10 Il Ii 20 24 10 60 120 .., 
10 .jO 

.!l0 

.n 
.915 
.99 
.99' 
.999 

60 .SO 
.90 
.95 
• 975 
.99 
.995 
.999 

0.9" 
1.82 
2.16 
1.51 
2.98 
J.l4 
4.24 

0.945 
1.11 
1.99 
2.27 
2.6] 
1.90 
3.S4 

0.966 
1.71 
2.09 
2.41 
l.84 
].18 
4.00 

0.956 
1.66 
1.9~ 
2.17 
2.50 
2.14 
1.ll 

0.978 
1.72 
2.01 
2.11 
2.70 
].01 
3.7.5 

0.967 
1.60 
1.84 
2.06 
2.U 
2.51 
3.08 

0.989 0.994 1.00 
1.67 1.64 1.61 
1.9] 1.89 1.84 
2.20 2.14 2.07 
2.5.1 2.41 2.39 
2.82 2.11 2.6] 
3,49 1.16 J.l2 

0.918 0.98] 0.989 
I.S4 IJI l,4ll 
f.1S 1.10 1.6S 
1.94 • 1.88 1.82 
2.20 2.12 2.0] 
2.l9 2.29 2.19 
2.U 2.69 2.5j 

1.01 
U4 
1.14 
1.94 
2.21 
2.42 
2.92 

1.00 
lAO 
I.n 
1.67 
1.14 
1.96 
2.2S 

1.02 
1.50 
1.68 
1.87 
2.11 
2.]0 
2.16 

1.01 
U.1 
1.41' 
1.58 
1.71 
1.83 
2.08 

1.02 
1.46 
1.62 
1.79 
2.01 
2.18 
2." 

1.01 
1.29 
1.39 
1.48 
1.60 
1.69 
1.89 

120.50 
•90 
.9l 
.91l 
.99 
.993 
.999 

.50 

.90 

.9.1 

.9U 

.99 

.99' 

.999 

0.939 
1.6, 
1.91 
2.16 
2.41 
2.11 
3.24 

0.934 
1.60 
1.81 • 
2.05 
2.32 
2.51 
2.96 

0.950 
1.60 . 
1.83 
2.pS 
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