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QUESTION ONE. 	 [ 12 + 6 + 2 marks ] 

Suppose we have three variables in each of the 3 groups (A, B, and C) with sample sizes nA=3, 
nB=4 and nc=5. Consider the followings within and total sum of squares & cross-product 
matrices: 

42.0 39.0 10.0] 62.25 24.25 8.5] 
W= 39.0 78.0 11.0, & T = 24.25 94.92 8.83 

[ 
10.0 11.0 10.0 

[ 
8.5 8.83 17.67 

1.1 	 Compute Wilk's A statistic and <po Use 1.2 and F approximation to test the equality of 
population mean vectors. Specify the null and alternative hypotheses. 

1.2 	 Complete the ANOV A tables of the one-way analysis of variance procedure to test the 
equality of variable means for each of those three variables. If' 

1.3 	 Comment on the results found in part (1.1) and (1.2). 

QUESTION TWO. 	 [ 10 + 2 + 8 marks] 

2.1 	 Discuss the methods ofprincipal component factor analysis to obtain the factors. State all the 
steps of transformations. 

2.2 	 The following table shows the eigenvalue (first column) and the eigenvectors of the 
correlation matrix. 

(a) Ifyou want to find the factor model, how many factors will you consider? Explain. 

(b) Write all the equations of the un-rotated factor model. 

Eigenvectors 
X1 X3 X5 X6 X7 X8 X9X4X2 

3.111 -.302 .032 -.341 -.020 .024 -.089 .244.017 .002 
1.809 -.111 -.203-.262 -.001 .230 .292 .115.117 .001 
1.495 .017 -.195-.181 -.214 .060 -.197 .12S .001.234 
1.063 -.115 .070-.147 -.359 -.033.258 .024 .320 .000 
0.705 .2S0 -.011 .014.087 .307 .052 .000.391 .326 
0.311 .091.OSO -.225 -.375 .095.249 .174 .001.373 
0.293 -.012-.117 .111 .227 .248 .001.344 -.504.231 

-.0190.203 -.039 .OSS -.337 .001-.074 .441 -.327.355 
0.000 .079 .227-.019 .267 .000.362 -.695 

i 
.505 -.043 
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QUESTION THREE. [ 3 + 5 + 12 marks] 

3.1 In discriminant function analysis, how do you choose the number of discriminant functions? 

3.2 Explain the procedure to choose the significant discriminant functions. 

3.3 The following table shows the eigenvalues and corresponding eigenvectors OfWlB: 

Component Eigenvalue 
Eigenvectors 

Xl I X2 I X3 I ~ 

1 0.425 -0.127 0.037 0.145 -0.083 
2 0.039 0.039 0.210 -0.068 -0.077 
3 0.016 -0.093 0.025 0.015 0.295 
4 0.002 0.149 -0.000 0.133 0.067 

Assuming that the ith sample size, nj = 25 for all i = 1,2,3,4,5; test whether the first three of 
these functions vary significantly from group to group. ,. 

QUESTION FOUR. [3+2+4+3+2 +6marks] 

The following tables are part of the full output running SPSS for a set ofmultivariate variables; not 
necessarily from the same set of variables. Tables 1-6 were obtained running Factor Analysis and 
Tables 7-9 were from Discriminant Function Analysis: 

Table 1: Table 2: 

Correlation Matrix 

X1 X2 X3 X4 X5 X6 X7 
I Correlatiol X 1 1.000 .036 -.671 -.400 -.538 -.645 -.764 

X2 .036 1.000 .445 .405 -.026 -.495 -.221 
X3 -.671 .445 1.000 .385 .494 .080 .200 
X4 -.400 .405 .385 1.000 .060 .199 .185 
X5 -.538 -.026 .494 .060 1.000 .271 .210 
X6 -.645 -.495 .080 .199 .271 1.000 .424 
X7 -.764 -.221 .200 .185 .210 .424 1.000 

Component Eigenvalues 
1 2.965 
2 1.850 
3 0.971 
4 0.643 
5 0.359 
6 0.211 
7 0.000 
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Table 3: 

Component Matrilll 

Comconent 

1 2 3 4 5 6 
X1 -.986 5.070E-02 -2.47E-02 .113 .102 -2.99E-02 
X2 -1.24E-02 .936 7.822E-02 -.109 3.541E-04 .325 
X3 .683 .566 -.258 -3.93E-02 -.333 -.186 
X4 .483 .481 .590 .327 .241 -.153 
X5 .621 4.503E-02 -.677 .186 .344 4.014E-02 
X6 .641 -.562 .179 .402 -.186 .212 
X7 .705 -.319 .246 -.560 .166 2.041E-02 

Extraction Method: Principal Component Analysis. 

a. 6 components extracted. 

Table 4: TableS: 

Component Matrilll Rotated Component Matrii 

Component 

1 2 3 
X1 -.986 5.070E-02 -2.47E-02 

X2 -1.24E-02 .936 7.822E-02 

X3 .683 .566 -.258 

X4 .483 .481 .590 

X5 .621 4.503E-02 -.677 

X6 .641 -.562 .179 

X7 .705 -.319 .246 

Gomoonent 

1 2 3 
X1 -.764 -.550 -.301 

X2 -.515 .195 .761 

X3 8.552E-02 .756 .523 

X4 .295 -2.72E-02 .851 

X5 .185 .892 -.127 

X6 .858 8.626E-02 -.124 

X7 .790 .141 .120 

Extraction Method: Principal Component Analysis. Extraction Method: Principal Component Analysis. 

a. 3 components extracted. Rotation Method: Varimax with Kaiser Normalization. 

a. Rotation converged in 6 iterations. 

Table 6: 

Component Score Coefficient Matrix 

Component 

1 2 3 
X1 -.270 -.170 -.103 
X2 -.263 .078 .433 
X3 -.102 .422 .169 
X4 .192 -.291 .584 
X5 -.113 .658 -.290 
X6 .400 -.097 -.063 
X7 .365 -.099 .083 

Extraction Method: Principal Component Analysis. 
Rotation Method: Varimax with Kaiser Normalization. 



Page 4 

Table 7: 

Wilks' Lambda 

Test of Function(s) 
Wilks' 

Lambda Chi-square df Sig. 
1 through 2 

2 
.147 
.656 

39.244 

8.655 

12 

5 

.000 

.124 

Table 8: 	 Table 9: 

Canonical Discriminant Function Coefficients 
~tandardized Canonical Discriminant Function Coefficients 

Function 

1 2 
X1 .019 .083 
X2 .305 -1.603 
X3 .059 .135 
X4 1.512 1.263 

X5 .076 .057 
X6 -.268 -.064 
(Constant) .217 -3.732 

Function 

1 2 
X1 .268 1.193 
X2 .202 -1.065 
X3 .412 .938 
X4 .573 .478 
X5 .12,S .097 
X6 -1.040 -.249 

Unstandardized coefficients 

a. 	 Examine Table 1 and discuss the suitability of principal component analysis. How many 
principal components will you have? 

b. 	 How many factors will you get in your factor model? Explain. 
c. 	 List the last two equations ofyour rotated model and compute their communalities. 
d. 	 List all equations needed to compute factor scores. 
e. 	 List the first two discriminant functions. 
f. 	 Write all the discriminant functions and test whether each of those is significant at 10% 

level of significance. 
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TABLE A.2 (c:om:lud_d) Percentiles of the I Distribution 
TABLE A.l Percenlillll of the t Distributioll 


Entry is I(A; v) where P{I (v) '" I(A; v)} "" A 


I(A; II} 
0'1 

A 
.98 .98,S .99 .99tl .995 .991.5 .9995" .60 .70 .ao .8.5 .90 .95 .91.5.. 

I IU9S 21.205 31.821 42.04 63.6S1 
0.31.5 0.111 1.316 1.96) 3.018 6.314 ll.106 2 4.149 .'1.643 6.96' 8.013 9.92.5 

2 0.289 0.611 L06l I.J86 1.186 2.920 4.303 1 30482 1.896 4.S41 5.0<11 '.841 
J 
4 

11.271 
0.211 

0.184 
0.569 

0.9111 
0.941 

1.1.50 
1.190 

1.631 
I.m 

1.Jl)
l.m 

3.111 
2.116 

4, 1.999 
2.7.51 

3.298 
3.001 

3.747 
l.16S 

4.088 
3.634 

4.604 
4.0ll 

.5 0.1111 0."9 0:910 1.1.56 1.416 2.0U 2.571 
6 2.612 2.829 l.141 1.l12 l.701 

6 0.26S o..sn 0.906 l.IJ4 1.440 1.943 2.447 1 1.$11 1.11S 2.998 3.203 ,}.499 
1 0.16J 0.'49 0.896 1.119 1.41.5 1.89.5 . 1.36.5 8 2.449 2.6l(· U96 J.08' 1.lSl 
8 0.261 0 . .546 0.U9 1.108 1.]91 1.860 2.liltS 9 2.198 2.S14 1.811 2.998 1.2S0 
9 0.26! 0.54l 0.883 1.100 1.381 1.833 1.2li2 10 2.J59 ;!"s21 2.164 2.9)2 3.169 

10 0.260 0 . .542 0.879 1.09] un 1.811 2.228 
II 2.ll8 1.491 2.118 1.879 1.106 

II 0.260 0 . .540 0.816 1.088 1.363 1.196 2.201 12 1.303 1.461 2.681 2.8]6 l.O'.'l 
11 0 . .,9 0.n9 0.813 1.01l 1.3l6 1.182 2.119 IJ 1.182 2.416 2.6S0 2.ROI 3.012 
13 0.2.19 b.SJl 0.S'10 1.019 I.J'O 1.111 2.160 14 2.264 1.4U 2.614 1.711 1.911 
14 0.258 0...'lJ1 0.868 1.016 1.34.5 1.161 2.14' 1:1 1.249 2.197 2.602 2.146 2.947 
U 0.2.11 0.l36 0.866 1.074 I.J41 1.1.51 2.lll 

16 1.115 1.112 1.n] 1.124 2.911 
16 0.258 0.~lJ5 D.86' 1,011 1.J17 1.146 2.120 11 2.224 2,368 1.'67 2.1(l6 2.898 
11 0.2.11 0.n4 0.86J 1,()69 I.J1] 1.740 2.110 18 2.114 2.3'6 2.:152 1.689 1.818 
II 0.2.11 0.lJ4 0.861 1.061 1.330 1.134 l.IOI 19 2.10.'1 1.146 2.S39 1.674 2.861 
19 0.2.17 0 . .533 0.161 1.066 1.)2B 1.129 2.093 20 2.191 2.))6 1.'28 2.661 2.845 
10 0.251 O.ll] 0.860 1.0tS4 1.325 1.12.5 2.086 

21 2.189 2.128 2.S18 2.649 2.831 
21 0.251 O.'ll 0.8.59 1.061 I.lll 1.121 2.080 22 2.1n. 1.320 2.'08 1.619 UI9 
22 0.256 O • .5ll O.UI 1.061 1.121 1.111 2.074 2] 2.111 2.311 2.'00 2.629 1.801 
lJ, 0.2.16 0.5ll 0,8.58 1.060 1.319 1.114 2.069 14 2.111 1.101 lA92 1.620 2.197 
14 0.256 0.311 O.BSl 1.059 !.JIB 1.1 II 2.064 l.S 2.161 2.l01 2.4U 2.612 2.781 
15 0.2.56 0.'11 0.8.56 1.058 1.116 1.708 2.060 

16 2.161 2.196 1,419 1.60S 1.119 
16 0.1'6 0.5ll 0.8.56 un I.lU l.706 1.Oj6 21 2.1n 2.291 2.471 U9B 2.771 
21 0.2.16 0.531 0.1.55 1.0Sl I.JI4 1.7OJ 1.0.n 11 2.1l4· 2.286 2.461 2.S92 2.761 
28 0.156 0.5l0 0.U5 1.036 I.lll 1.701 1.048 29 2.1.'10· 2.282 1.462 2.S86 2.156 
29 0.2.16 0.530 0.154 I.0.5S 1.111 1.699 2.0<1' 10 2.141 2.271 2.4p 1.381 1.7S0 
30 0.2.16 0.'10 0.U4 1.0.53 I.JIO 1.691 2.1141 

40 1.121' 1.150 2A11 2.541 2.7114 
40 O.U' OSl9 0.8SI 1.0.50 \.)0) 1.684 2.011 60 1.099 2.22) 2.390 1.50<1 2.660 
60 0.l34 OSl1 0.848 1.0<15 \.196 1.671 1.000 110 2.076 2.196 2.lSl 20468 2.611 

1111 n.2.14 0.526 0.84$ 1.0<11 1.189 I.6n \.980 2.054 2.110 2.116 2.01 2.516 
0.2lJ 0.'24. 0.142 1.016 1.782 1.645 1.960 

111;".'. 
r:;.l...... 

:~,;J!: 
J·¥!rt. 

121.121 
14.0B9 
lAB 
'.'98 
4.111 

011 
4.0'l9 
Ull 
1.690 
l.nl 

1.491 
J.421 
1.311 
1.ll6 
3.286 

1.2.51 
3.222 
1.191 
1.17. 
1.U) 

J.IlS 
3.119 
J.IO<I 
].091 
1.078 

1.061 
l.On 
1.041 
1.038 
J.O)O 

2.~11 
2.91.5 
1.860 
1.801 

636.'90 
1 U98 
12.924 
1.610 
6.869 

'.9'9 
lA08 
H141 
4.1ft1 
U81 

4.411 
4.31B 
4.121 
4.140 
4.013 

4.01.5 
3.96' 
1.921 
1.883 
3.849 

3.819 
3.192 
1.768 
1.143 
1.lU 

1.701 
1.690 
l.li14 
1.659 
1.646 

1.5S1 
3.460 
1.l11 
1.291 
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TABLE A.J Pcrcentil~ of Ihe X· Distribulion TABLE A.4 Percentiles of the F Distribution 

" 

I 
2 
J 
4 

5 
6 
7 
8 
\I 

10 
1\ 
11 
Jl 
14 

1.1 
16 
11 
II 
19 

20 
21 
22 
2] 
24 

23 
26 
21 
18 
19 

30 
40 
50 
60 

70 
80 
90 

100 

Enlry is X'(A; v) where P (x'(JI) :s Xl(A; JI)) "" A 
Entry is F(A.; .... .,.} where P{F(IIJ • ...) :s F.(A; lit ....l} "" A 

FI d._,.• " 
.A II F(A: 1'" "')-,..II-A:.,•• V,I -- \> 

.OOS .010 .02S .OSO .100 .900 .9.10 .9n .990 .99S 

0.0"]91 O.O'tH 0.0'982 0.0Il9] O.OllB 
0.0100 0.0201 0.0506 0.101 0.211 
0.012 O.lU 0.216 o.]n 0.584 
0.107 0.291 0.484 0.711 1.064 

0.411 0."4 0.831 1.145 1.61 
0.616 0.112 1.24 1.64 2.20 
0.989 1.14 1.69 1.11 1.83 
1.34 L6J 2.18 1.71 J.49 
1.13 2.09 2.70 l.ll 4.11 

2.16 2..56 3.B 3.114 4.87 
2.60 l.O:l J.82 4.n 5..5a 
1.01 
3.n 

l . .n 
4.11 

4.40 
S.OI 

l.23 
H9 

6.)0 
7.04 

4.07 4.66 S.6J 6,57 7.19 

4060 S.ll 6.26 7.26 8.SS 
5.14 5.81 6.91 7.96 9.ll 
S.10 6.41 1.l6 1.67 10.09 
6.26 1.01 8,21 9.39 10.86 
6.84 7.61 ••91 10.12 II.U 

1.41 8.26 9.59 10.8S 11.44 
8.01 8.90 10.28 lI.j9 11.14 
•• 64 U4 10.98 12.14 14.04 
9.26 10.20 11.69 1l.09 14.U 
9.89 10.86 12.40 IUS 15.66 

10.l2 11.52 11.12 14.61 16.47 
11.16 12.20 n.84 IU8 17.29 
11.81 12.81 14.11 16.1l ".11 
1I.46 lUll 15.11 16.9] 11.94 
11.12 14.26 16.05 11.71 19.77 

1l.79 14.93 16.19 18.49 20.60 
20.11 22.\6 24.41 26•.'1 29.0,5 
21.99 29.1\ ]2.36 14.16 17.69 
lS..Sl 1MB 40,4S 41.19' 46.46 

1.28 4l.44 48.76 51.74 jj,ll 

1.11 ll.54 HoI' !i0.19 64.28 
j9.20 61.1$ 61.6S 69.11 11.29 
1.31 70.06 74.22 17.9] 8U6 

2.71 
4.6\ 
6.25 
7.7B 

9.24 
10.64 
11.02 
IJ.)6 
14.68 

1S.99 
11.18 
IUS 
19.81 
21.06 

22.11 
23.54 
24.77 
2l.99 
21.20 

21.41 
19.62 
30.81 
n,ol 
)],20 

34.lB 
3LS6 
36.74 
37.92 
39.09 

40.16 
lUI 
63.17 
74.40 

as.']
96.18 

107.6 
JlU 

3.84 
S.99 
7.81 
9.49 

11.07 
J2J9 
14.07 
15.51 
16.91 

18.31 
19.68 
21.0) 
22.36 
21.68 

25.00 
26.10 
27.S9 
28.87 
30.14 

31.41 
12.117 
11.!12 
H.17 
]6.42 

17.1\$ 
38.89 
40.11 
41.l4 
42.56 

43.77 
5S.:1d 
61.S0 
19.08 

90.l3 
101.9 
Ill.' 
124.1 

S.02 
7.lI 
9.JS 

11.14 

12.n 
14.4S 
16.01~ 
11.51 
19.02 

20,48 
21.92 
ll.34 
74.74 
16.12 

27.49 
28.81 
10.19 
11.S3 
31.U 

14.17 
lUS 
36..18 
18.08 
39.36 

40.6$ 
41.92 
43.19 
44.46 
un 
46.98 
59.34 
71,42 
BJ.]O 

91.02 
IOU 
Jl8.1 
129.6 

6.63 
9.21 

11.34 
13.28 

U.09 
lUI 
18.48 
20.09 
21.67 

23.21 
2U1 
26.22 
27.69 
29.14 

lO.n 
32.00 
n.41 
34.81 
16.19 

n.n 
18.93 
40.29 
41.64 
42.98 

44.]1 
4".64 
46.96 
4US 
49.J9 

'0.89 
63.69 
741.15 
88.38 

100.4 
112.3 
124.1 
IlJ.I 

7.88 
10,60 
12.84 
IU6 

Hi.7S 
I8..U 
20:Z8 
21.96 
23.59 

21.19 
26.16 
18.30 
29.82 
31.32 

32.80 
14.27 
]S.72 
11.16 
n.l8 

40.00 
41.40 
42.80 
44.18 
4U6 

46.93 
48.29 
49,64 
50.99 
n.14 

n.67 
"fl.77 
19.49 
9US 

IOU 
116.3 
128.3 
140.2 

SOlI"": R<prln.". wl.h ...",,11110•• r""m C. M. Thomp'.A, "'D.bl. III ' .......IC. Pal... of .h. Chl·S'!"_ 
Olllr!b."..... Blame"lb UII,.I). pp. '"-19. 

.. ;. . " 
'~~1~~,~. ."I\:~; ! 



TABLE A.4 (conllnulldJ Pllrcc:nllles of the F Di~lribulion TABLE A.4 ("Dnlinu~tI) Percentiles of Ihe F Distribution 

Numenator dr Numerator dr 
Den.Den. ,2 4 6 7 9 dr A \0 12 Ij 20 2·1 10 60 110 a:
dr A 

2.04 2.07 2.09 2.11 2.ll 1.15 2.17 2.IH1.00 1.11 1.82 1.89 1.94 1.98 2.00 2.01 .lO 2.20 

.90 

.SO 

60.2 loU.1 61.2 61.7 62.0 6!.] 61.8 61.1 61.119.9 
"'0 

U6 H.8 :n.2 n.2 J8.9 n .• '9,9 .90
4'.' .9oS 242 244 246
161 200 216 2lj 210 214 217 239 241 
 248 149 2SO 2':1. U] 2H
.9.1 

.971 969 977 985 991 991 1,001 1,010 1.014 I.OIB 

.99 


648 BOO 864 900 922 937 948 9.!7 963
.91S 
4,on '.000 ',403 ',62.s ',764 $,BS9 $,928 ',9111 6,022 6.0'6 6.106 11.IH 6,109 6,!l' 6,26\ 6,]1 ] 6,119 6.J66.99 


.991 2'1.224 24.4211 14.610 14,816 2'1,940 1'.044 2~.ll] 1'.1'9 !1.4M 

.999 


16,2'1 20.000 21,61$ 21,lOO 23,0'6 21,437 23,7" 23,925 24,091.99S 
.999
4OS,280 '00,000 HO,)80 '61,~00 316,400 jRJ,94O '92,870 $98.140 602,180 605,6!0 610,610 61.S,760 620.910 621,'00 616,100 631,340 6JJ,910' 616.610 

2 .50
0.667 1.00 1.11 1.2\ 1.2l 1.28 1.30 1.32 '.ll 1.)4 I.J6 I.U 1.19 1.40 1.41 1.4] 1.4] 1.4~ 

.90 


1 .'0 
9.]9 9.41 9.42 9.44 9Al 9.46 9.47 \JAM 9.49.90
8 • .:11 9.00 !1.I6 9.24 9.29 9.11 9.ll 9.17 9.)8 

.9jIB.S I!I.O 19.2 19.2 19.1 19.1 19.4 19.4 19.4.9S 19.4 19.4 19.4 19.4 19.1 19.5 19.J 19.5 19.J 

.971 
 .911 19.4 ]".4 19.4 ]9.4 39.S )9.5 19,1 39.l J9.1 

.99 


lB.! 39.0 J9.2 J9.2 39.3 J9.1 J9.4 19.4 J9.4 
.99 
 99.4 99.4 99.4 99.4 99.5 99.j 99.S 99.1 99.S 


.995 

98.l 99.0 99,2 99.2 99.3 99.1 99.4 99.4 99.4 

.991 199 199 . 199 199 199 199 199 199
199 199 199 199 ,99 199 199 199 199 
 200 


.999 999.4 999.4 999.4 • 999.4 999.5 999.S 999.1 999.S 999.'99U 999.0 999.2 999.2 999.1 999.3 999.4 999.4 999.4.999 


.jO 1.18 f.20 1.21 1.23 1.2] 1.24 1.1, 1.26O.S83 0.881 1.00 • 1.06 1.10 1.11 1.11 /.16 1.173 .SO 1.27 

.90 
 .90
j.,54 M6 $.19 J.l4 DI DB j.27 ~ .U5 $.14 l.21 .1.22 1.20 '.18 S.18 S.11 l.1l S.14 5.1l 
.9$ .9f B.79 8.14 B.70 8.6610.1 9 .. U 9.28 9.12 9.01 8.94 11.89 8,8, 8.81 8.64 Ul M.n 8.1.1 U1 

.975 
 17.4 16.0 U.4 IS.! 14.9 14.7 14.6 14.l 14.S .971 14.4 \4.1 14.l . '4.1 14.\ 14.1 14.0 11.9 11.9 

.99 
 .99
J4.1 10.8 29.$ 2B.7 28.2 27.9 27.7 27 • .1 27.3 27.2 27.1 26.9 16.7 26.6 26.1 26.l 26.2 26.1 

.911S 41.7 41.4 4J.1 41.8 42.6$S.6 49.8 47 • .1 46.2 45.4 44.8 44.4 44.1 4J.9.99S 42.3 42.1 42.0 41.8 

.999 
 161.0 148.3' 141..1 1l1.1 134.6 /32.8 131.6. 110.6 129.9 .999 129..2 11U 127.4 126,4 
 IU9 m.4 124." 124.0 11U 

.. .50
0.549 un 0.941 1.00 1.04 1.06 1.08 1.09 1.104 .50 
 1.11 1.1l \.14 1.1.1 1.\6 1.16 1.18 1.18 1.19 

.90 
 .90
04 4.)1 4.19 4.11 4.0' 4.01 3.98 1.9,J 1.94 1.92 3.90 1.87 1.84 J.81 3.82 1.79 UK 1.76 

.91 
 5.96 5.91 . 5.867.71 6.94 6.59 6.]9 6.26 6.16 6.09 1i.04 6.00 .9l UO .1,77 5,71 $.69 5.66 l.61 

.975
12.2 10.6 9.98 9.60 9.1/.i 9.20 9.07 B.9' 8.90 1.114 ••7S 8.66 1.56 8.46 8.]6 B.]I.911 
 8." 1.26 
'.9921.2 18.0 16.7 16.0 U.5 U.2 \l.0 14.B 14.7 14.1 14.4 14.2 \4.0 11.9 D.8 11.7 \l.6 IU 

.99' 

.99 

]1.1 26.]· 24.3 21.2 22.5 21.0 21.6 21.4 11.1 .99.1 
 21.0 20.7 20.4 20.1 20.0 19.9 19.6 19.j I9.J 


.999 
 14.1 61.2 56.2 SJ.4 n.7 50.' 49.7 49.0 41.5 .999 
 48.1 47.4 46.8 46.1 4S.B 41.4 44.7 .... .4 
 44.' 
0.$28 0.79!! 0.901 0.961 1.00 1.02 1.04 1.01 1.06 S .50 
 1.07 1.09 1.10oS .50 
 1.11 1.12 1.12 1.14 1.14 1.1.5 


.90 
 4.06 1.78 3.62 l.l2 3A.1 1.40 1.37 1.34 1.12 .90 
 l.lO 1.17 3.24 1.21 1.19 1.17 1.14 3.12 l.II 


.9.1 
 6.61 S.79 .1.41 5.19 1.0.1 'I." 4.88 4.82 4.77 .91 
 4.14 UB 4.62 4.56 4.11 4.S0 4.43 4.40 4.11 
10.0 8.41 7.76 7.19 7.1l 6.98 6.U 6.76 1i.68 ,97l 6.62 6..12 6.41 6.)] 6.28 6.21 6.11 6.07 6.02 


.99 


.97' 
16.3 1].1 12.1 11.4 11.0 10.7 10.' 10.1 10.2 .99 
 10.1 9.89 9.12 9.n 9.41 9.n 9.20 9.11 9.02 
12.8 1B.3 16.5 ll.6 14.9 14.5 14.2 14.0 11.8 .995
.99S 1l.6 13.4 \1.1 12.9 12.8 11.7 12.4 \1.1 12.1 


.999 
 47.2 31.1 ]].2 11.1 29.8 28.8 28.2 27.6 27.2 .999 
 26.9 26.4 21.9 25.4 2.5.1 24.~ 24.1 24.1 21.8 

'1.01 1.06 1.07 1.08 1.090.$1l O.lBO 0.886 0.942 0.977 1.00 1.02 1.01 1.04 6 .50
6 .50 
 1.10 1.11 1.12 1.12. 

.90 
 ~ .90
1.78 1.46 1.29 1.18 1.11 ].05 J.OI 2.98 2.96 2.94 2.90 2.87 2.84 2.82 1.80 2.76 2.74 2.n 
.9' .:1.99 '.14 4.16 4.1] 4.19 4.28 4.21 4.1l 4.10 .9J 4.06 4.00 l.94 1.87 l.B4 3.81 ].74 l.70 1.67 

8.81 7.26 6.110 6.ll l.99 3,82 l.70 '.60 5.n .97J 3.46 '.17 .1.27 .1.17 5.12 j.07 4.96 4.90 US 

.99 

.97' 

1J,7 10.9 9.18 .9.IS 8.75 8.47 B.26 B.IO 7.98 .99 
 7.87 7.72 7:56 ... 7.40 7.11 7.21 7.06 6.91 6.88 
.99' IB,II 14.' 12.9 12.0 11.3 ILl 10.8 10.6 10.4 .995 
 10.2 10.0 9.81 9.S9 9.47 9.)6 9.12 9.00 8.88 

.999 
 3'1.' 27.0 23.7 21.9 20.8 20.0 19.' 19.0 18.1 .999 
 18.4 18.0 11.6 17,1 IU 16.7 16.2 16.0 1l.7 

0.'06 0.167 0.811 0.926 0.96/1 0.981 1.00 1.01 1.02.SO \.Ol 1.04 1.0.1 1.077 .'0 1.01 1.08 1.09 1.10 1.10 
1.'9 ].26 1.01 2.96 2.88 2.81 2.78 2.7' '1.72 .90
.90 
 2.70 2.67 2.6J 2.59 U8 2.56 2.l\ 2.49

3." 2.47 
B9 4.74 4,ll 4.12 l.91 3.81 1.19 1.71 UB.95 
 .93 
 3.64 U7 1.44 lAl ).18 l.lO 1.27 1.2J 


.975 
 .97j8.01 6.'4 l.89 1.12 l.29 1.12 4.99 4.90 4.82 4.76 4.61 4.17 4.47 4.41 4.16 4.25 4.20 4.14 


.99 
 .99
12.2 9.n 8.45 1.85 7.46 7.19 11.99 6.84 6.72 6.62 6.47 6.]1 6.16 6.07 l.99 1.12 .:1.74 1.61 

.9'H 16.2 12.4 10.9 10.1 9.52 9.'6 8.89 B.68 8.51 .991 
 8.18 8./8 7.97 7.75 7.6' 7.n 7.JI 1.19 7.0B 


.999 
 29.2 21.7 18.8 17.2 16.2 1l.J 15.0 14.6 14.1 .999 
 14.1 11.7 n.) 12.9 12.1 12.j 12.1 11.9 11.7 

IlJJ 



TABLE A.II (continued) Percentiles of [he F Distribulion 
TABLE A.4 (clInilnu.d) Pcn::enlUI!s of tbe F Distribution 

Hum<fllor df 
Ocn.

Dcn. 
2 4 S 6 7 df ..I9df 

& .10
0.499 0.757 UIiO 0.913 0.948 0.911 0.988 1.00 1.018 .SO .90].46 1.11 l.92 2.81 2.11 2.67 2.62 2.'9 2.56.90 .955.32 4.46 4.07 3.84 1.69 l.la l . .50 J,44 1.19.9' .9111:57 6.06 $.42 ".OS 4.82 4.65 4.S1 4.41 4.16.915 
II.] 8.6, 1.59 7.01 6.6J 6.n 6.18 6.0J UI .99.99 .?9S14.1 11.0 9.60 8.81 8.10 1.9S 7.69 MO 1.)4.99S 

.99911.8 14.4 1J.l 12.9 12,01 12.0 11.8.999 2'.4 lB.' 
9 ..500.494 0.149 o.an 0.906 0.919 0.962 0.978 0.990 1.009 .'0 .903.16 J.OI 2.81 2.69 2.61 2.S.1 2 • .51 2.47 2.44.90 

.915.12 4.26 1.86 J.61 1.48 J.17 1.29 l.ll 1.18.9S 

.!lll7.21 s.71 M8 4.71 4,48 4.l2 4.20 4.10 4.0J.97.5 

.99'10.6 8.02 6.99 6.42 6.06 S.80 .5.61 3.47 .u5.99 

.995IJ.6 10.1 8.72 1.96 7.47 7.1] 6.88 6.69 6.54.995 

.99922.9 16.4 11.9 12.6 11.7 11.1 10.7 IDA 10.1.999 

10 .SO0.490 0.141 O.US 0.899 0.9ll 0.954 p.971 0.98] 0.99210 .50 
,903.29 2.92 2.7l 2.61 2.'2 2.46 2.41~ 2.38 2.3.5.90 
.954.96 4.10 J.71 J.48 J.n l.ll ].14 l.07 3.02.9S .n,6.94 l.46 4.81 4.47 4.24 4.07 US U" 3.78.97S 
.9910.0 7.St; (US 1.99 '.64 S.19 S.20 S,O/i 4.94.99 
.99S12.8 9.41 8.08 7.14 6.B1 6 • .54 6.30 6.12 5.97.99,1 
.99921.0 IU 12.6 II.] 10.l 9.93 9.S2 9.20 8.96.999 

12 .100,484 0.7lS O.83S 0.888 0.921 0.943 0.9S9 0.972 0.98112 .SO 
.901.18 2.BI 2.61 2.48 2.19 2.11 2.28 2.14 2.21.90 
.9S4.75 U!I 1.49 1.26 1.11 1.00 2.91 :US UO.95 
.91S6 .. U 1.10 4.47 4.12 U9 1.71 1.6' ].51 1.44.97S .999.11 6.91 s.9s HI '.06 4.82 4.64 4.lD 4.39.99 
.99'11.8 8.51 1.ll /i.n 6.07 l.76 s.n .US l.20.991 
.99918.6 11.0 10.B 9.61 8.89 B.lI 8.00 7.71 7.48.999 

U .SO0.4111 0.726 0.826 0.178 0.911 O.?ll 0.949 0.960 0.970IS .50 
.901.07 2.70 2.411 2.36 2.27 2.21 2.16 2.12 2.09.90 
.954.l4 1.68 1.29 1.06 2.90 2.79 2.71 2.64 2.S9.9S 
.9756.20 4.77 4.1S 1.80 U& HI 1.29 1.20 1.12.915 
.998.68 ,U6 l.42 4.B9 4.S' 4.ll 4.14 4.00 1.B9.99 
.99510.8 1.10 6.48 UO 5.11 S.07 4.81 4.67 4.14.995 
.99916.6 ILl 9.14 8.2S 1." 7.09 6.14 6.41 U6.999 

20 .so0,472 0.118 0.816 0.868 0.900 0.922 0.938 0.910 0.9S920 •.10 
.901.97 2",9 2.38 l.ll 2.16 1.09 1.04 2.00 1.96.90 
.9S4.ll J.49 J.IO 2.87 2.71 2.60 2.51 2.41 2.39.91 
.97"S.81 4,46 1.86 1.1I 1.29 l.ll J.OI 2.91 2.84.9n 
.998.10 l.U 4.94 4.41 4.10 1.81 1.70 J,"6 J.46.99 
.9959.94 6.99 5.81 .5.11 4.16 4.47 4.26 4.09 1.96.99S 
.99914.• 9.91 8.10 7.10 6.46 6.02 '.69 S.44 .5.24. 999 

24 ..'100,469 0.714 0.812 0.863 0.891 0.917 0.932 0.944 0.9n24 .10 
.902.91 2.S4 2.ll 2.19 2.10 2.04 1.98 1.94 1.91.90 
.952.104.26 lAO 3.01 2.18 2.62 2.l1 2.42 U6.9S 
.9755.72 4.12 ].72 1.lH 1.IS 2.99 1.81 2.18 2.10.915 
.993.161.82 1.61 4.12 4.21 1.90 l.67 1.lO 1.16.99 
.9')51.83 1.699.Sl 6.66 '.52 4.B9 4.49 4.20 1.99.99S 
.9994.00.999 14.0 9.]4 7." 6.l9 l.98 l ..B ,1.21 4.99 

NUmeralor df 

10 12 Jj 20 24 10 60 120 co 

. 

1.02 
2.l4 
1.H 
4.10 
5.81 
1.21 
IU 

1.01 
2.41 
).14 
1.96 
S.26 
6.42 
9.89 

1.00 
1.12 
2.98 
J.12 
4.15 
1.U 
8.15 

0.989 
2.19 
2.n 
1.17 
4.30 
1.09 
7.29 

0.977 
2.06 
2.54 
1.06 
).80 
4.42 
6.08 

0.966 
1.94 
2.15 
2.71 
1.17 
1.U 
S.08 

0.961 
1.88 
1.U 
2.64 
1.11 
1.19 
4.64 

1.01 
2.10 
1.28 
4.20 
l.61 
7.01 
11.2 

1.02 
2.38 
1.07 
1.87 
~.II 
6.23 
9.ll 

1.01 
2.28 
2.91 
1.62 
4,71 
3.66 

• 8.45 

1.00 
2.1l 
2'.69 
3.28 
4.16 
4.91 
7.00 

0.989 
2.02 
2.48 
2.96 
1.67 
4.ll 
S.8\ 

0.917 
1.89 

,2.28 
2.68 
l.ll 
1.68 
4.82 

0.912 
1.83 
2.18 
2.S4 
1.03 
1.42 
4.19 

1.04 
2.46 
1.22 
4.10 
l.n 
6.81 
10.8 

1.03 
2.]4 
1.01 
l.n 
'4.96 

'6.03 
9,24 

1.02 
2.24 
2.84 
1.12 
4 • .56 
1.47 
8.11 

1.01 
2.10 
2.62 
1.18 
4.01 
4.}2 
6.71 

1.00 
1.97 
1.40 
2.86 
J.n 
4.07 
l..S4 

0.989 
1.84 
2.10 

'2•.17 
3".09 
1.50 
4.56 

0.98J 
1.11 
2.11 
2.44 
2.89 
1.U 
4.14 

l.OS 
2.42 
1.IS 
4.00 
s.16 
6.61 
10.5 

1.04 
2.10 
2.94 
1.67 
4.81 
Ul 
8.90 

1.01 
2.10 
2.77 
1.42 
4.41 
1.27 
7.80 

1.02 
2.06 
2"'4 
l.Ol 
1.86 
<I.n 
6.40 

1.01 
1.92 
l.ll 
1.76 
l.n 
).HS 

.'I.lS 

1.00 
1.79 
2.12 
2.46 
2.94 
l.ll 
4.29 

0.994 
1.11 
2.01 
l.ll 
2.14 
1.06 . 
].87 

1.06 
2.40 
1.12 
3.9l 
s.n 
6.S0 
10.] 

1.05 
2.28 
2.90 
1.61 
4.71 
'.7l 
8.72 

1.04 
2.18 
2.74 
l.n 
4.11 
S.l7 
7.64 

1.0] 
2.04 
2.11 
].02 
1.78 
4.41 
6.ll 

1.02 
1.90 
2.29 
2.10 
J.29 
J.79 
S.IO 

1.01 
1.17 
2.0& 
2.41 
2.86 
1.22 
4. IS 

1.00 
1.70 
1.98 
2.27 
2.66 
2.91 
1.74 

1.01 
2.38 
1.08 
1.89 
.1.20 
6.40 
10.1 

1.0j 
2.25 
2.86 
1.S6 
4.6,1 
-'.62 
B.H 

1.0.1 
2.16 
2.70 
1.)1 
4.1S 
1.07 
7.47 

1.01 
2.01 
2.47 
2.96 
1.70 
4.11 
6.09 

1.02 
1.87 
2.25 
2.64 
J.21 
1.69 
4.9S 

1.01 
1.74 
2.04 
2.15 
2.78 
].11 
4.00 

1.01 
1.67 
1.94 
2.21 
2.S8 
2.87 
1.19 

1.08 
2.34 
1.01 
3.n 
.1'.0] 
6.18 
9.11 

1.07 
2.21 
2.79 
1.4.'1 
4.4& 
S.41 
8.19 

1.06 
2.11 
2.1i2 
3.20 
4.08 
4.86 
1.12 

1.01 
1.911 
2.38 
US 
1.14 
4.fl 
5.16 

1.0} 
1.61 
2.16 
2.12 
J.O.l 
J.4H 
4.64 

1.01 
1.68 
1.91 
2.22 
2.61 
2.92 
1.10 

1.02 
1.61 
1.84 
2.08 
2.40 
2.66 
1.29 

I.OB 
2.ll 
2.97 
1.71 
4.9S 
6.06 
9.n 

1.01 
1.IS 
2.1S 
1.19 
4.40 
S.lO 
•.00 

1.06 
2.08 
2.n 
1.14 
4.00 
4.H 
6.94 

LOs 
1.9) 
2.14 
2.79 
lAS 
4.UI 
.1.-'9 

1.04 
1.19 

. 2.11 
2,46 
2.96 
1.17 
4.48 

1.0] 
1.64 
1.90 
1.16 
2 • .12 
2.81 
J.j4 

1.02 
1.S7 
1.19 
2.01 
2.11 
2S1 
3.14 

1.09 
2.29 
2.9] 
1.67 
4.16 
U5 
9.ll 

1.08 
2.16 
2.71 
1.11 
4.11 
S.19 
7.&1 

1.01 
2.06 
2.54 
l.08 
1.91 
4.64 

.6.16 

1.06 
1.90 
2.10 
1.12 
1.16 
l.90 
S.42 

LOS 
1.76 
2.01 
2,40 
U7 
].16 
4.11 

1.0] 
1.61 
1.84 
1.09 
2.42 
2.69 
1.18 

1.01 
I.n 
1.73 
1.94 
2.21 
2Al 
1.97 

1135 



"i'cndix A T.blu 

TABLE A.l$ (ctmtlnulld) Percentiles of the F Distribution 
.~---------------------

Numcl1ll0r dr 

Ocn. 

d( A 2 1 4 j 6 1 8 9 


]0 .50 
 0.466 0.109 0.801 0.858 0.890 0.912 0.927 0.939 0.941.90 2.88 2.49 2.28 2.14 1.05 1.98 1.91 1.88 1.85.9.5 4.11 l.ll 2.92 2.6, 2.'1 2.42 2.ll 2.27 1.21
.973 s.n 4.18 l.n ].25 1.OJ 2.81 2.15 2.65 2 • .57.99 1.36 3.19 4.'1 4.02 1.10 1.47 1.10 1.17 1.01.995 9.18 6.B '.24 4.62 4.21 1.9J 1.74 l.n J.41.999 I ].J 8.77 7.05 6.12 l.n ~.12 4.82 4 • .58 4.19 


60 .SO 
 0.461 0.701 Ql98 0.849 0.B80 0.901 0.917 0.928 0.937,90 2.19 2.J9 2.18 2.04 1.93 1.81 1.82 1.71 1.14.95 4.00 1.15 2.76 2.172."1 2.21 2.102.11 2.04
U9 ).9J J.]4 1.01 2.19.91' 2.61 2..51 2.41 2.ll.99 1.08 4.98 4.11 3.M 3.]4 1.12 2.!U 2.82 2.12


.995 
 8.49 S.80 4.71 • 4.14 1.76 1.49 1.111.29 ].01

.999 11.0 1.71 6.17 5.11 4.16 4.11 4.09 ].69i·a6 

I110.)0 0.458 0.691 0.19] 0.B44 U7l 0.891\ 0.912 0.923 0.9ll
.90 2.n l.U 1.1l 1.99 1.90 !.H2 1.77 1.12 1.61 

.9' 
 ].92 1.07 2.68 2.4.5 2.29 2.18 2.09 2.02 1.96
.97S .5.1.5 1.80 1.2) l.K9 2.67 1.n 2.39 2.10 2.22.99 6.8.5 4.79 1.9S ].118 117 2.96 2.19 2.66 2.36
.99' 8.18 1.54 4 • .50 ].92 1.B J.U J.09 2.91 2.81
.999 11.4 7.12 '-18 4.9-' 4.42 4.04 3.17 ].,53 J.18 

.., .lO OAH 0.69) 0.189 0.819 0.870 0.891 0.901 0.918 0.927
.90 2.11 2.]0 2.08 1.94 1.8-' 1.17 1.12 1.67 1.61.9-' 1.B4 1.00 2.60 2.17 2.21 2.10 1.01 1.94 1.81

.97-' 
 5.02 1.69 ].12 2.19 1 . .57 2.41 1.29 1.19 2.11.99 6.61 4.61 ].78 1.12 1.02 2.80 2.64 2.5' 2.41 
.995 1.88 5.10 4.28 ].12 1.B 1.09 2.90 2.74 2.62 
.~99 10.8 6.91 5.42 4.62 4.10 1.14 1.41 1.27 1.10 

TABLE A.4 (c:onclud.d) Percentiles of the F Dislribulion 

DCA. 

df ... 

Nume",l"r dr 

10 12 1.5 20 24 ]0 60 110 .., 
JO .50 

.90 

.95 
.915 
.99 
.995 
.999 

60 .50 
.90 
.9S 
• 915 
.99 
.99' 
.999 

120.50 
.90 
,95 
.975 
.99 
.99-' 
.999 

.50 

.90 

.9S 

.915 

.99 

.99S 

.999 

0.955 
1.82 
2.16 
2Jl 
2.98 
1.34 
4.24 

0.945 
1.11 
1.99 
2.21 
2.oJ 
2.90 
1.S4 

0.~]9 

1.65 
1.91 
2.16 
2.41 
2.71 
3.24 

0.9]4 
1.60 
1.8J 
2.0S 
2.]2 
2.S2 
2.96 

0.966 
1.77 
2.09 
2.41 
2.84 
l.U 
4.00 

0.9l6 
1.66 
1.92 
2.17 
2.50 
2.14 
1.32 

0.950 
1.60, 
1.81 
2.1ll 
2j4 
2.-'4 
1.02 

0.94' 
U3 
1.1.5 
1.94 
1.18 
2.36 
2.14 

0.978 
1.12 
2.01 
2.11 
2.70 
J.OI 
US 

0.967 
1.60 
1.84 
2.06 
2.U 
2 • .51 
].08 

0.961 
US 
I.1S 
1.95 
2.19 
2.17 
2.711 

0.956 
1.49 
1.61 
1.81 
2.04 
2.19 
2."1 

0.989 0.994 1.00 
1.61 1.64 1.61 
1.9] 1.89 1.84 
2.20 2.14 2.07 
2.B 2.41 2.J9 
2.82 2.7] 2.61 
3.49 1.16 l.ll 

0.978 0.98] 0.989 
1 • .54 UI lAB 
".75 1.70 !.6S 
1.94 • 1.88 LS2 
2.20 2.12 2.01 
2.39 2.29 2.19 
2.81 1.69 US 

' 0.91~ 0.978 0.981 
I,4B lAS 1.41 
1.66 1.61 LSS 
l.82 1.16 1.69 
2.01 1.9S 1.86 
2.19 2.09 1.98 
2.n 2.40 1.16 

0.967 0.1172 0.978 
1.42 1.]8 1.14 
1.57 1.51 1.46 
1.71 1.64 1.51 
1.8S 1.79 1.10 
2.00 1.90 1.19 
2.21 2.11 1.99 

1.01 
U4 
1.14 
),94 
2.11 
2,42 
2.92 

1.00 
lAO 
I.U 
1.61 
I.B4 
1.96 
2.25 

0.994 
I.ll 
IAl 
Ul 
1.66 
1.7.5 
1.9S 

0.989 
1.24 
I.ll 
1.]9 
1.41 
LS) 
1.66 

1.02 
UO 
1.68 
1.87 
2.11 
2.JO 
2.76 

1.01 
US 
1.41' 
I.n 
1.71 
1.11 
2.08 

1.00 
1.16 
I..U 
IAl 
Ul 
1.61 
1.77 

0.994 
1.11 
1.22 
1.17 
1.l2 
1.l6 
1.45 

1.02 
1.41i 
1.62 
1.79 
2.01 
2.18 
2.S9 

1.01 
/.29 
1.]9 
I.U 
1.60 
1.69 
1.89 

1.01 
1.19 
I.U 
I.lI 
1:]8 
1.41 
1.54 

1.00 
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